





DUALITIES IN EQUIVARIANT KASPAROV THEORY 



HEATH EMERSON AND RALF MEYER 



Abstract. We study several duality isomorphisms between equivariant bivari- 
ant K-theory groups, generalising Kasparov's first and second Poincaro duality 
isomorphisms. 
Q\ ■ We use the first duality to define an equivariant generalisation of Lefschetz 

f^^ ' invariants of generalised self-maps. The second duality is related to the descrip- 

f^^ ' tion of bivariant Kasparov theory for commutative C*-algebras by families of 

^vj , elliptic pseudodifferential operators. For many groupoids, both dualities ap- 

ply to a universal proper 5-space. This is a basic requirement for the dual 
Dirac method and allows us to describe the Baum-Connes assembly map via 
localisation of categories. 
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1. Introduction 

f~^ I The K-homology of a smooth compact manifold M is naturally isomorphic to 

^^ ■ the (compactly supported) K-theory of its tangent bundle TAf via the map that 

assigns to a K-theory class on TA/ an elliptic pseudodifferential operator with 
appropriate symbol. Dually, the K-theory of M is isomorphic to the (locally finite) 
K-homology of TAf. Both statements have bivariant generalisations, which identify 
j^ ■ Kasparov's group KK*(C(Afi), C(A/2)) for two smooth compact manifolds firstly 

with K*(TAfi X Afa), secondly with K!f(TA-f2 x Mi) := KK,(Co(TAf2 x Afi),C). 

In this article, we consider substantial generalisations of these two duality isomor- 
phisms in which we replace smooth compact manifolds by more general spaces and 
work equivariantly with respect to actions of locally compact groups or groupoids. 
Furthermore, we get duality theorems in twisted bivariant K-theory by allowing 
locally trivial C*-algebra bundles. Here we mainly develop the abstract theory 
behind the duality isomorphisms. Some applications are explained in [TT I fTS t ITi] . 

Outside the world of manifolds, duality statements require a substitute for the 
tangent space. Since there is no canonical choice, we follow an axiomatic approach. 
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first finding necessary and sufficient conditions for the duality isomorphisms and 
then verifying them for the tangent space of a smooth manifold, and for the manifold 
itself if it is endowed with an equivariant Spin'^-structure. We began this study 
in [11] with the notions of abstract duals and Kasparov duals, which are related to 
the first duality isomorphism in the untwisted case. Here we also examine duality 
isomorphisms for non-trivial bundles of C*-algebras (this contains computations 
in P] related to duality in twisted bivariant K-theory) and consider the second 
duality isomorphism, both twisted and untwisted. Moreover, we show that both 
duality isomorphisms become equivalent in the compact case. The second duality 
isomorphism is used in an essential way in [14j to develop a topological model of 
equivariant Kasparov theory that refines the theory of correspondences due to Alain 
Connes and Georges Skandalis in [7], and to Paul Baum (see [IJ). Both dualities 
together imply the equivalence of the construction of the Baum-Connes assembly 
map in [2\ with the localisation approach of [25 . 

Our motivation for developing duality was to define and explore a new homotopy 
invariant of a space equipped with an action of a group or groupoid called the 
Lefschetz map. Duality is essential to its definition, while its invariance properties 
rely on a careful analysis of the functoriality of duals. In a forthcoming article, we 
will compute the Lefschetz map in a systematic way using the topological model of 
KK-theory in [l4] . 

Jean-Louis Tu also formulates similar duality isomorphisms in |31| . but there 
are some technical issues that he disregards, so that assumptions are missing in his 
theorems. In particular, the two duality isomorphisms require two different variants 
of the local dual Dirac element. In practice, these are often very closely related, as 
we shall explain, but this only means that both have the same source, not that one 
could be obtained from the other. 

We now explain the contents of this article in more detail. Let ^ be a locally 
compact Hausdorff groupoid with Haar system (see [H]), let Z denote its object 
space. Let X be a locally compact, proper tj-space. An abstract dual for X of 
dimension n ^"L consists of a tJ-C*-algebra V and a class 

e e RKK^(X; Co(Z),7') := KK,^^^(Co(X), G^{X) ®z V) 

such that the Kasparov product with Q induces an isomorphism 

(1.1) KKi{V®zA,B)^miKi+^{X-A,B) 

for all ^-C*-algebras A and B. This isomorphism is the first Poincare duality 
isomorphism and is already studied in [TT] . We may get rid of the dimension n by 
suspending V, but allowing n 7^ is useful for many examples. 

Let X be a bundle of smooth manifolds over Z with a proper and fibrewise 
smooth action of Q, and let TX be its vertical tangent bundle. Then P := Co(TX) 
with a suitable 8 is an abstract dual for X. Except for the generalisation to bundles 
of smooth manifolds, this result is already due to Gennadi Kasparov \i7\ §4]. More 
generally, if X is a bundle of smooth manifolds with boundary, then V := Co(TX°) 
is an abstract dual for X, where X° is obtained from X by attaching an open 
collar on the boundary. A more complicated construction in [11] provides abstract 
duals for simplicial complexes (here Q is a. group acting simplicially on X). With 
additional effort, it should be possible to enhance the duality isomorphism in [5] to 
an abstract dual for stratified pseudomanifolds. 

To understand the meaning of (jl.ip . we specialise to the case where Z is a point, 
so that G is a group, X is a smooth manifoldl with boundary with a proper, smooth 
action of G, and A = B = C In this case, we will establish a duality isomorphism 
with V := Co(TX°). The left hand side in the first duality isomorphism p.ip is 
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the C/-equivariant representable K-theory of X , 

RKl{X) := RKK?+„(X;C,C) := KK?^„^(Co(X), Co(X)) 

(see [H]). The right hand side of p.ip is the locaUy finite ^/-equivariant K- homology 
of TX°, 

kP(TX°) := KK^(Co(TX°),C), 
where locally finite means finite on ^-compact subsets in our equivariant setting. 
Recall that the C^-equivariant K-homology of TX° is the inductive limit 

K^(TX°):=limKK?(Co(y),C), 

Y 

where Y runs through the directed set of t/-compact subsets of TX°. We also 
establish a variant of (|l.ip that specialises to an isomorphism 

K^(TX°) - Ka(X) 

between the ^/-equivariant K-homology of TX° and the ^-equivariant K-theory 
oi X (homotopy theorists woud say "K-theory with ^-compact support"). 

If the anchor map px : X — > Z is proper, then p.ip is equivalent to an isomor- 
phism 

KK^(P ®z A, B) ^ KK^+„(A, Co(X) ®z S), 
that is, to a duality between Co(X) and V in the tensor category KK (see Sec- 
tion [5|). But in general, abstract duals cannot be defined purely inside KK . 

Abstract duals are unique up to KK^-equivalence and covariantly functorial for 
continuous, not-necessarily-proper CJ-equivariant maps: if V and V' are abstract 
duals for two ^-spaces X and X', then a continuous ^/-equivariant map /: X — > X' 
induces a class a/ G KK^('P,'P'), and f t-^ af is functorial in a suitable sense. 

For instance, if X is a universal proper ^-space and X' — Z , then the canonical 
projection X ^ Z induces a class aj S KKq (P, Co(.^)). This plays the role of 
the Dirac morphism of |25j - in the group case, it is the Dirac morphism - which 
is an important ingredient in the description of the Baum-Connes assembly map 
via localisation of categories. This example shows that abstract duals allow us to 
translate constructions from homotopy theory to non-commutative topology. 

In contrast, Co(X) is contravariantly functorial, and only for proper maps. Thus 
the map from the classifying space to a point does not induce anything on Co(X). 

An abstract dual for a 5-space X gives rise to a certain grading preserving group 
homomorphism 

(1.2) Lef: RKK^ (X; Co(X), Co(Z)) ^ KK^ (Co(X), Co(Z)). 

This is the Lefschetz map alluded to above. The functoriality of duals implies that 
it only depends on the proper t/- homotopy type of X. There is a natural map 

KKf(Co(X),Co(X))^RKK^(X;Co(X),Co(Z)) 

which sends the class of a tj-equivariant proper map (y9 : AT ^ AT to its graph 

(p: X ^ X Xz X, 'f{x) '■— (a;, (p{x)). 

Since the latter map is proper even if the original map is not, we can think of the 
domain of Lef as not-necessarily-proper KK-self-maps of A. Combining both maps, 
we thus get a map 

Lef: KK^(Co(A),Co(A)) ^KK?(Co(A),C(Z)). 

The Euler characteristic of A already defined in [11] is the equivariant Lefschetz 
invariant of the identity map on A. With the specified domain (jl.2p . the map 
Lef is split surjective, so that Lefschetz invariants can be arbitrarily complicated. 
Usually, the Lefschetz invariants of ordinary self-maps are quite special and can be 



4 HEATH EMERSON AND RALF MEYER 

represented by *-honiomorphisnis to the C* -algebra of compact operators on some 
graded t/-Hilbert space (see ^13:). 

In many examples of abstract duals, the CJ-C*-algebra V has the additional 
structure of a ^ x X-C*-algebra. In this case, we arrive at explicit conditions 
for (jl.ip to be an isomorphism, which also involve explicit formulas for the inverse 
of the duality isomorphism p.ip and for the Lefschetz map (see Theorem 14.61 and 
Equation (|4.27p ). These involve the tensor product functor 

Tv ■■ RKK^(X; A, B) -^ KK^ {V ®z A, V ®z B) 

and a class D e KK_„(7', Co(^)) which is determined uniquely by 8. Since the 
conditions for the duality isomorphism (jl.ip are already formulated implicitly in [171 
§4] , we call this situation Kasparov duality. 

The formula for the inverse isomorphism to (|l.ip makes sense in greater gener- 
ality: for any Q k X-C*-algebra A^ we get a canonical map 

(1.3) KK^^^(A, Co(X) ®z B) ^ KK'i{A ®x V, B). 

This is a more general situation because A is allowed to be a non-trivial bundle 
over X. If v4 is a trivial bundle Co(-^, ^o), then A i^x V = Aq (^ V and the 
isomorphism in ()1.3p is the inverse map to (jl.ip . It is shown in [9j that the map ()1.3p 
is an isomorphism in some cases, but not always; this depends on whether or not the 
bundle A is locally trivial in a sufficiently strong (equivariant) sense. Theorem l4.42l 
provides a necessary and sufficient condition for (jl.Sp to be an isomorphism. 

We verify these conditions for the tangent duality if X is a bundle of smooth 
manifolds with boundary and the bundle A is strongly locally trivial. Let A be 
a continuous trace algebra with spectrum X and a sufficiently nice ^/-action, so 
that duality applies, and let B = Co{Z) in p.3p . Let A* be the inverse of A in 
the 5-equivariant Brauer group of X, that is, A ®x A* is t/-equivariantly Morita 
equivalent to Co(v'r). Now the left hand side in ()1.3p may be interpreted as the 
^-equivariant twisted representable K-theory of X with twist A* because tensoring 
with A* provides an isomorphism 

KKf^-^(A,Co(X)) ^KK^^-^(Co(X),^*). 

On the other hand, the right hand side of dO]) is KK^{A (®x Co{TX°),Co{Z)), 
that is, the locally finite tj-equivariant twisted K-homology of TX°, where the twist 
is given by the pull-back of A. 

Thus p.3p contains a twisted and groupoid-equivariant version of the familiar 
isomorphism K*{X) = K^ (TX) for smooth compact manifolds (see also [32j). 

In addition, we get a canonical map 

limKK^^^(A|y,Co(X) ®z B) -^ limKK^(A|y ®x V,B), 

where Y runs through the directed set of ^-compact subsets oi X. If X is a bundle 
of smooth manifolds with boundary, A is strongly locally trivial, and P is Co(TX°), 
then the latter map is an isomorphism as well. This specialises to an isomorphism 
K^(TX°) ^ K*g{X) for A = Co(X) and B = Co(^). 

We now discuss the second duality isomorphism, which generalises the isomor- 
phism K*(X) = K*(TX) for smooth compact manifolds. Kasparov only formulates 
it for compact manifolds with boundary (see [T71 Theorem 4.10]), and it is not 
obvious how best to remove the compactness assumption. We propose to consider 
the canonical map 

(1.4) KK':^^iA,B®zV)^KK^AAB), 

which ffi'st forgets the X-structure and then composes with D G KK_„(7', Co(^)). 
Here A is a G « X-C*-algebra and i? is a 5-C*-algebra. For instance, ii A = Co(-'^) 
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and B = Cq{Z), then this becomes a map 

KK%f{Co{X),r) ^ KK^(Co(X),Co(Z)), 

that is, the right hand side is the (y-equivariant locally finite K-homology of X. 
For the tangent duality V = Co(TX°), the left hand side is, by definition, the 
5-equivariant K-theory of TX° with X-compact support (see [E ). 

Theorem 16.41 provides a necessary and sufficient condition for ()1.4p to be an 
isomorphism, ft is shown in Section [7] that these conditions hold for the tangent 
dual of a bundle X of smooth manifolds with boundary. Hence (|1.4p specialises to 
an isomorphism K^ ' (X) = RKg j5(-(TX°) between the C/-equivariant locally finite 
K-homology of X and the 5-equivariant K-theory of TX° with X-compact support. 

As in the first duality isomorphism, we get a version of the second duality isomor- 
phism in twisted equivariant K-theory if we allow ^ to be a strongly locally trivial 
^-equivariant bundle of C*-algebras over X: the twisted tj-equivariant locally finite 
K-homology of X with twist A is isomorphic to the twisted ^-equivariant K-theory 
of TX° with X-compact support and with twist A*. And we get a version with 
different support conditions: 

(f.5) \hnKK'i^^{A\Y,B®zV) ^lunKKf {A\y,B), 

where Y runs through the directed set of tj-compact subsets of X. For bundles of 
smooth manifolds, the latter specialises to an isomorphism 

K*g{TX°)-K^{X). 

The duality isomorphism (|f .4p for the tangent space dual specialises to an iso- 
morphism 

(1.6) RKl^iY XzTX°) =KK^,{Co{X),Co{Y)). 

The first group is the home for symbols of families of elliptic pseudodifferential op- 
erators on X parametrised by Y. There are different formulas for this isomorphism, 
using a topological index map or the family of Dolbeault operators along the fibres 
of TX° -^ Z, or pseudodifferential calculus. These are based on different formu- 
las for the class D involved in the duality isomorphisms. Since D is determined 
uniquely by 0, for which there is only one reasonable geometric formula, duality 
isomorphisms also contain equivariant index theorems such as Kasparov's Index 
Theorem [15] . 

The duality isomorphism (|1.6p is the crucial step in the geometric description of 
Kasparov theory in [H] . The question when this can be done remained unexamined 
since Paul Baum introduced his bicycles or correspondences some thirty years ago. 
Even for the special case of KK*(Co(X), C) for a finite CW-complex X, a detailed 
proof appeared only recently in [3] . In [M] , we prove that the equivariant Kasparov 
groups KK^(Co(X), Co{Y)^ can be described in purely topological terms if X is a 
bundle over Z of smooth manifolds with boundary with a smooth action of a proper 
groupoid G and some conditions regarding equivariant vector bundles are met. 

The basic idea of the argument is that an isomorphism similar to ()1.6p exists 
in the geometric theory. Thus the problem of identifying geometric and analytic 
bivariant K-theory reduces to the problem of identifying corresponding monovari- 
ant K-theory groups with some support conditions. This becomes trivial with an 
appropriate definition of the geometric cycles. Besides finding this appropriate defi- 
nition, the main work in [14] is necessary to equip the geometric version of KK with 
all the extra structure that is needed to get duality isomorphisms. Our analysis 
here already shows what is involved: composition and exterior products and certain 
pull-back and forgetful functors. 
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Let X be a proper ^-space and let B be a tj k X-C*-algebra. Then O Theorem 
4.2] impUes a natural isomorphism 

(1.7) limKKj^^(Co(r),S)-K4gKB), 

where the inductive limit runs over the directed set of ^/-compact subsets of X as 
in (|1.5p . Equations p.4p and p.7p yield a duality isomorphism 

(1.8) limKK^(Co(r),B)^K,+„(g>< {V®zB)). 

If X is also a universal proper t/-space, then our duality isomorphisms are closely 
related to the different approaches to the Baum-Connes assembly map for Q. The 
dual Dirac method is the main ingredient in most proofs of the Baum-Connes and 
Novikov Conjectures; this goes back to Gennadi Kasparov [UllIH], who used the 
first Poincare duality isomorphism to prove the Novikov Conjecture for discrete 
subgroups of almost connected groups. We will see that the first duality isomor- 
phism for a groupoid Q acting on its classifying space is essentially equivalent to 
constructing a Dirac morphism for the groupoid, which is the (easier) half of the 
dual Dirac method. The remaining half, the dual Dirac morphism, is a lifting of 
e e RKK^''-^(Co(X),Co(X)) to KK^(Co(^),Co(^)). Even if such a lifting does 
not exist, the Dirac morphism D G KK_„(P, Co(^)) is exactly what is needed for 
the localisation approach to the Baum-Connes assembly map in [^ . 

The isomorphism p.Sp relates two approaches to the Baum-Connes assembly 
map with coefficients. The left hand side is the topological K-theory defined in [2], 
whereas the right hand side is the topological K-theory in the localisation approach 
of [2S]. This is exactly the 7-part of K, (C? k B) provided Q has a 7-element. 

Finally, we describe the contents of the following sections. Sections [5] and [3] 
contain preparatory remarks on groupoids, their actions on spaces and C*-algebras, 
and equivariant Kasparov theory for groupoids. We pay special attention to tensor 
product functors because these will play a crucial role. 

Section m deals with the first Poincare duality isomorphism and related construc- 
tions. We introduce abstract duals and Kasparov duals and construct equivariant 
Euler characteristics and Lefschetz maps from them. We explain how the first dual- 
ity is related to Dirac morphisms and thus to the Baum-Connes assembly map, and 
we provide a necessary and sufficient condition for the first duality isomorphism to 
extend to non-trivial bundles, formalising an example considered in [5]. 

Section [5] studies Kasparov duality for bundles of compact spaces. In this case, 
the first and second kind of duality are both equivalent to a more familiar notion 
of duality studied already by Georges Skandalis in [30] . 

Section [5] treats the second duality isomorphism. We introduce symmetric Kas- 
parov duals, which guarantee both duality isomorphisms for trivial bundles. 

In Section [71 we construct symmetric Kasparov duals for bundles of smooth 
manifolds with boundary. For a single smooth manifold, this example is already 
considered in [ITj . We also extend the duality isomorphisms to certain locally trivial 
C*-algebra bundles as coefficients. 

1.1. Some standing assumptions. To avoid technical problems, we tacitly as- 
sume all C*-algebras to be separable, and all topological spaces to be locally com- 
pact, Hausdorff, and second countable. Groupoids are tacitly required to be locally 
compact, Hausdorff, and second countable and to have a Haar system. 

Several constructions of Kasparov duals contain Clifford algebras and hence yield 
Z/2-graded C*-algebras. Therefore, we tacitly allow all C*-algebra to carry a 1/2- 
grading; that is, "C*-algebra" stands for "Z/2-graded C*-algebra" throughout. 

The general theory in Sections [1]-[51 is literally the same for complex, real, and 
"real" C*-algebras (although we usually presume in our notation that we are in 
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the complex case). The construction of duals for bundles of smooth manifolds in 
Section [7] also works for these three flavours, with some small modifications that 
are pointed out where relevant. Most importantly, the results about tangent space 
duality claimed above only hold if the tangent bundle is equipped with a "real" 
structure or replaced by another vector bundle. 

2. Preliminaries on groupoid actions 

We recall some basic notions regarding groupoids and their actions on spaces 
and C*-algebras to fix our notation. We pay special attention to tensor product 
operations and their formal properties, which are expressed in the language of 
symmetric monoidal categories (see [2ni[23[2S]). This framework is particularly 
suited to the first Poincare duality isomorphism. 

2.1. Groupoids and their actions on spaces. Let ^ be a (locally compact) 
groupoid. We write ^*^°^ and ^^^^ for the spaces of objects and morphisms in Q and 
r, s: Q^^' ^ t/("' for the range and source maps. 

Definition 2.1. Let Z be a (locally compact, Hausdorff, second countable topo- 
logical) space. A space over Z is a continuous map j : X ^ Z . If / is clear from 
the context, we also call X itself a space over Z. 

Definition 2.2. Let f : X ^ Z and g: Y ^' Z he spaces over Z. Their fibred 
product is 

X Xf^g Y := {{x, y)eXxY\ f{x) = g{y)} 

with the subspace topology and the continuous map {x,y) i— > f{x) = g{y). Thus 
X X f,gY is again a space over Z. If /, g are clear from the context, we also write 
X XzY instead of X Xf^g Y. 

Definition 2.3. A Q-space is a space {X, tt) over t/*^"^ with a homcomorphism 

^(1) X,,, X ^ g^^^ Xr,^ X, {g, x)^{g- x, x), 

subject to the usual associativity and unitality conditions. 

Example 2.4. If G is a group then Q := G is a. groupoid with Z = {•}, and G-spaces 
have the usual meaning. 

Example 2.5. View a space Z as a groupoid with only identity morphisms, that is, 
Z^^^ = Z*^"^ = Z. A Z-space is nothing but a space over Z. 

Definition 2.6. If Z is a tj-space, then the transformation groupoid Q x Z is the 
groupoid with (G x Z)^°^ -.^ Z , 

(gKZ)W :=gW x,^„Z = {(zi,5,22)e^x,,,-gW Xs^^Z\zi=g-Z2}, 
r{zi,g,Z2) := zi, s{zi,g,Z2) := 22, (21,5,^2) • (z2,/i, Z3) := (zi, 5 • /i, Z3). 

This groupoid inherits a Haar system from Q. 

Lemma 2.7. A Q x Z-space is the same as a Q-space X with a Q-equivariant 
continuous map p: X —> Z . 

Hence we call G x Z-spaces G-spaces over Z. We are going to study duality in 
bivariant K-theory for a ^-space p: X ^f Z over Z or, equivalently, for a ^ k Z- 
space. Since we lose nothing by replacing t/ by t/ k Z, we may assume from now on 
that Z = G^^' to simplify our notation. Thus, when we study duality for bundles of 
spaces over some base space Z then this bundle structure is hidden in the groupoid 
variable G- 
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2.2. C*-algebras over a space. Let Z he a space. There are several equivalent 
ways to define C*-algebras over Z. 

Definition 2.8. A G* -algebra over Z is a C*-algebra A together with an essential 
*-honiomorphisni tp from Co{Z) to the centre of the multiplier algebra of A; be- 
ing essential means that (p(Gq{Z)^ ■ A — A; equivalently, ip extends to a strictly 
continuous unital *-honiomorphism on Cb{Z). 

The map tp is equivalent to a continuous map from the primitive ideal space of A 
to Z by the Dauns-Hofmann Theorem (see [21])- Any C*-algebra over Z is the 
C*-algebra of Co-sections of an upper semi-continuous C*-bundle over Z by [5S], 
and conversely such section algebras are C*-algebras over Z. We may also describe 
a C*-algebra over Z by the ^-linear essential *-homomorphism 

(2.9) m:GoiZ,A)~*A, f ® a ^ ip{f) ■ a = a ■ ipif), 

called multiplication homomorphism. This *-homomorphism exists because Co{Z, A) 
is the maximal C*-tensor product of Cq{Z) and A, and it determines tp. 

Example 2.10. Ifp: X ~> Z is a space over Z, then Co(X) withp* : Go{Z) -^ Cb{X) 
is a commutative C*-algebras over Z. Any commutative C*-algebra over Z is of 
this form. The multiplication homomorphism 

m: Co(Z, Co(X)) = Co(Z x X) ^ Co(X) 

is induced by the proper continuous map X ^ Z x X, x t-^ (p{x),x). 

Definition 2.11. Let A and B be C*-algebras over Z with multiplication ho- 
momorphisms m^ : Co{Z,A) -^ A and ms : Cq( Z,B) -^ B. A * -homomorphism 
/: A — > _B is called CQ{Z)-linear or Z-equivariant if the following diagram com- 
mutes: 

Co(Z,A)^^^^^^^Co{Z,B) 



A ^B 

Definition 2.12. We let £| be the category whose objects are the C*-algebras 
over Z and whose morphisms are the Co(2^)-linear *-homomorphisms. 

Definition 2.13. Let A be a C*-algebras over Z and let 5 C Z be a subset. If S 
is closed or open, then we define a restriction functor ^\s'. €*^ —> C^: 

• If S* is open, then A\s is the closed *-ideal 00(5) ■ A in A, equipped with 
the obvious structure of C*-algebra over S. 

• If 5 is closed, then A\s is the quotient of A by the ideal A\z\s, equipped 
with the induced structure of C*-algebra over S. 

We abbreviate A^ := Ajj-^} for z G Z. 

If 5i C S'2 C Z are both closed or both open in Z, then we have a natural 
isomorphism (^|s2)|5'i — ^Isi- 

Definition 2.14. Let f : Z' -^ Z he a continuous map. Then we define a base 
change functor f*:€*2;^ C*^,. Let A be a C*-algebra over Z. Then Go{Z',A) is 
a C*-algebra over Z' x Z. The graph of / is a closed subset r(/) oi Z' x Z and 
homeomorphic to Z' via z 1-^ (z, f{z)). We let f*{A) he the restriction of Co(Z', A) 
to r(/), viewed as a C*-algebra over Z'. It is clear that this construction is natural, 
that is, defines a functor /* : £^ ^ £^, . 
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Lemma 2.15. Let f : Z' —f Z be a continuous map, let A be a C* -algebra over Z 
and let B be a C* -algebra. Then essential * -homomorphisms f*{A) — > A4{B) corre- 
spond bijectively to pairs of commuting essential * -homomorphisms n: A —> A4{B) 
and ip: Go{Z') —> Ai{B) that satisfy ip{h o f) ■ 7r(a) = n{h ■ a) for all h G Co{Z), 
ae A. 

This universal property characterises the base change functor uniquely up to 
natural isomorphism and implies the following properties: 

Lemma 2.16. If f : S ^> Z is the embedding of an open or closed subset, then 
f*{A) is naturally isomorphic to A\s. 

We have {g o f)* — g* ° f* for composable maps Z" — > Z' ^ Z , and id^ is 
equivalent to the identity functor. In particular, f*(A)z = Af^^)- 

Notation 2.17. Let A and B be C*-algebras over Z. Then ^ ® _B is a C*-algebra 
over Z X Z. We let A ®z B be its restriction to the diagonal in Z x Z. 

Example 2.18. Let {X,p) be a space over Z. If S" C Z, then restriction yields 
Co{X)\s — Go{p~^{S)) as a space over S. 

Now let f : Z' ^ Z he a, continuous map. Then 

f*{Co{X))=Go{XXpjZ'). 

In particular, /*(Co(Z)) ^ Co{Z'). 

We have Co(-'^i)®zCo(>'^2) — Co(Xi xzX2) ii Xi and X2 are two spaces over Z. 

The properties of the tensor product i^z are summarised in Lemma 12.221 below. 
For the time being, we note that it is a bifunctor and that it is compatible with the 
functors /*: if / : Z' ^ Z is a continuous map, then there is a natural isomorphism 

f*{A<g>zB)^f*{A)®z'f*{B) 

because both sides are naturally isomorphic to restrictions of Co{Z' x Z') (E) A® B 
to the same copy of Z' in Z' x Z' x Z x Z. 

2.3. Groupoid actions on C*-algebras and tensor products. Let 5 be a 

groupoid with object space Z :— Q'-^\ 

Definition 2.19. Let ^ be a C*-algebra A over Z together with an isomorphism 
a: s*{A) ^ T*{^) of C*-algebras over Q'-^K Let Az ior z G Z denote the fibres 
of A and let ag : A^i^g-) -^ ^r(g) for g e t/(i) be the fibres of a. We call {A, a) a 
Q-C* -algebra if ag^g^ — ctg^Ug^ for all 51,52 G G^-^^ . 

Definition 2.20. A *-homomorphism (p: A ^ B between two 5-C*-algebras is 
called Q-equivariant if it is Co(-^)-linear and the diagram 

s*{A) "''"'^ s*{B) 

H 

r*{A)-^-^^r*{B) 

commutes. We let €.g be the category whose objects are the ^-C*-algebras and 
whose morphisms are the (y-equivariant *-homomorphisms. 

This agrees with our previous definitions if C^ is a space viewed as a groupoid 
with only identity morphisms. 

The tensor product over Z of two C/-C*-algebras carries a canonical action of Q 
called diagonal action. Formally, this is the composite of the *-isomorphisms 

s*{A ®e(o, B) ^ s*{A) ®(j(i) s*{B) °^"'"^. r*{A) ^gd, r*{B) ^ r*{A ®gm B). 
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Notation 2.21. The resulting tensor product operation on 5-C*-algebras is de- 
noted by (8)g. We usually abbreviate ®e to ® and also write ®z- 

Lemma 2.22. The category €.g with the tensor product i^ is a symmetric monoidal 
category with unit object Qq{Z). 

A symmetric monoidal category is a category with a tensor product functor ®, 
a unit object 1, and natural isomorphisms 

{A'S)B)®C = A®{B^C), A(^B^ B®A, Kit) A = A 9i A ^ t 

called associativity, commutativity, and unitality constraints; these are subject to 
various coherence laws, for which we refer to [H]. These conditions allow to define 
tensor products ^^^pA^ for any finite set of objects [Ax)xeF with the expected 
properties such as natural isomorphisms (^^.g^ ^x®®x<£F ^x — ^xgf ^^ ^'^^ ^^Y 
decomposition F = FilA F2 into disjoint subsets. The associativity, commutativity, 
and unitality constraints are obvious in our case, and the coherence laws are trivial 
to verify. Therefore, we omit the details. 

Let Qi and G2 be groupoids and let /: 5i ^ ^2 be a continuous functor. Let 
J^^-* and Z^^-* be its actions on objects and morphisms, respectively. If ^ is a 
52-C*-algebra with action a, then {f^^^)*{A) is a 5i-C*-algebra for the action 



s 



*(/(o))*(^) = i.f"^s,nA) = Gs2/(i))*(A) - if^'^ys^iA) 



(/^'')'(") 



(fWyr^A) = (r2/«)*(A) = (/(")ri)*(A) =rn/("))*(A). 



This defines a functor 

which is symmetric monoidal, that is, we have canonical isomorphisms 

(2.23) /* {A) ®g, /* {B) - r {A ®g, B) 

that are compatible in a suitable sense with the associativity, commutativity, and 
unitality constraints in €.g and €g (we refer to [33] for the precise definition). 
The natural transformation in (|2.23p is part of the data of a symmetric monoidal 
functor. Again we omit the proof because it is trivial once it is clear what has to 
be checked. As a consequence, /* preserves tensor units, that is, 

r(Co(af))-Co(er)- 

Let X be a Q-space. Then the category ^g^x carries its own tensor product, 
which we always denote by (S>x, to distinguish it from the tensor product (X> in £^. 
The projection map px : G x X —> Q induces a functor 

Px'- '^g ^ '-exXi 
which acts by A 1— > Co(X) ^z A on objects. We have seen above that such functors 
are symmetric monoidal, that is, if A and B are 0-C*-algebras, then 

(2.24) p*x{A)®xPx{B)^P*x{A®B). 

If yl is a ^ K X-C*-algebra and B is merely a t/-C*-algebra, then A ®z -B is a 
Q K Ar-C*-algebra. This defines another tensor product operation 

® = ®z-- €*g^x x^I^^Ikx. 
which has obvious associativity and unitality constraints 

{A®B)®C^ A®(B®C), A^f^A, 

where A belongs to 'tg^x^ ^ ^^"^ ^ belong to (Lg, and 1 is the unit object, here 
Co{Z). These natural isomorphisms satisfy the relevant coherence laws formalised 
in [57]. In the notation of [27], ^g^x i^ ^ €*g-category. 
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Our two tensor products are related by a canonical isomorphism 

(2.25) A(S)B^A(S,xP*x{B), 

or, more precisely, 

A (E>x P*x{B) ■■= A (g)x (Co(X) (g}B)^{A (E}x Co(X)) (E}B = A(g>B. 

These isomorphisms are all natural and Q k X-equivariant. 
We also have a canonical forgetful functor 

forget^: €*g^x ~^ ^*g, 

which maps a C7-C*-algebra over X to the underlying Cy-C*-algebra, forgetting the 
X-structure. This is a €g-functor in the notation of 27J, that is, there are natural 
isomorphisms 

forgetx(^ ® B) ^ ioTgetx{A) ® B 

for A in S^cxx ^^'^ ^ ^^^ ^C' ^^'^ these isomorphisms are compatible with the 
associativity and unitality constraints. 

3. EQUIVARIANT KASPAROV THEORY FOR GROUPOIDS 

We use the equivariant Kasparov theory for C*-algebras with groupoid actions by 
Pierre- Yves Le Gall [57. Let Q he a, groupoid with object space Z. Le Gall defines 
Z/2-graded Abelian groups KK^{A,B) for (possibly Z/2-graded) ^-C*-algebras A 
and B. He also constructs a Kasparov cup-cap product 

(3.1) (g)D: KK^(Ai,Si®D) x KK^{D (g) A2, B2) ^ KK^{Ai (g) A2, Bi r^ B2) 

in KK with the expected properties such as associativity in general and graded 
commutativity of the exterior product (see (32 §6.3]). Throughout this section, (g 
denotes the tensor product over Z, so that it would be more precise to write (8>z,d 
instead of ®d- 

Notation 3.2. When we write KK^{A, B), we always mean the Z/2-graded group. 
We write KK^{A, B) and KKf (A, B) for the even and odd parts of KK^(A, B). We 
let ^Mg be the category whose objects are the (separable, Z/2-graded) t/-C*-algebras 
and whose morphism spaces are KKj'(A, i?), with composition given by the Kas- 
parov composition product. 

Example 3.3. If G is a locally compact group, viewed as a groupoid, then Le Gall's 
bivariant K-theory agrees with Kasparov's theory defined in '17j. 

Example 3.4. li Q = G x X for a locally compact group G and a locally compact 
G-space X, then KK^(A,B) agrees with Kasparov's ^KK"; {X ; A, B) . This also 
contains Kasparov's groups RKK, {X; A, B) for two G-C*-algebras A and _B as a 
special case because 

RKKf (X; A, B) := ^KK? (X; Co(X, A),Co{X, B)). 
The cup-cap product (13. ip contains an exterior tensor product operation 

I?) = 0z: JiRg X iiRg ^ Jl^e, {A,B)^A®B, 

which extends the tensor product on <tg and turns KKg into an additive symmetric 
monoidal category (see |MJ[55]). That is, the associativity, commutativity, and 
unitality constraints that exist in (Lg descend to natural transformations on RRg; 
this follows from the universal property of K^ in the ungraded case or by direct 
inspection. Fixing one variable, we get the exterior product functors 
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for all ^-C*-algebras D. These are additive .^g-functors, that is, there are natural 
isomorphisms (Td{A eg) B) ~ (Jd{A) (g) B with good formal properties (see P7]). 

If Qi and Q2 are two groupoids and / : ^1 ^ ^2 is a continuous functor, then the 
induced functor /* : dg^ -^ €g^ descends to an additive functor 

/* : iiSig, -> iiSig, , 

that is, there are canonical maps 

(3.5) r:KK^%A,B)^KKf'{r{A),r{B)) 

for all 52-C*-algebras A and B. These maps are compatible with the cup-cap 
product in (|3.H) . so that /* is a symmetric monoidal Junctor. More precisely, the 
natural isomorphisms f*{A) ®g^ f*{B) = f*{A(S)g2 B) in Cg remain natural when 
we enlarge our morphism spaces from *-homomorphisms to KK. 

Le Gall describes in ^22j how to extend this functoriality to Hilsum-Skandalis 
morphisms between groupoids. As a consequence, ^Mg^ and .^.ftga are equivalent 
as symmetric monoidal categories if the groupoids Qi and Q2 are equivalent. 

We are mainly interested in the special case of p.Sp where we consider the 
functor QKX^Qt<Z = Q induced by the projection px : X ^ Z for a ^-space X. 
This yields an additive, symmetric monoidal functor 

(3.6) p*x: M.g ^ M.gt^x, 

which acts on objects by A i— > Cq{X) ® A. 

The canonical tensor products in the categories ^^g^x and ^^g are over Z 
and X, respectively. Therefore, we denote the tensor product in ^.Ag^x by ^x- 

The tensor product operation 

also descends to the Kasparov categories, yielding a bifunctor 

(3.7) >» = ®z- ii^gxx X SiHg -^ HAg^x 

that is additive in each variable. The easiest construction uses (|2.25l) . The bifunctor 
so defined obviously satisfies the associativity and unitality conditions needed for 
a .^.ftg-category (see p7)). 

The forgetful functor descends to an additive functor 

forget jf : MMg^x -^ ^^g 

between the Kasparov categories. This is a .^g-functor in the notation of [27]. 
The obvious C*-algebra isomorphisms 

forgetx(^ ® B) = forgetx(A) ® B 

for all Q K X-C*-algebras A and all ^-C*-algebras B remain natural on the level of 
Kasparov categories. 

Since many constructions do not work for arbitrary Q k X-C*-algebras, we often 
restrict to the following full subcategory of KK : 

Definition 3.8. Let A and B be C^-C*-algebras. We define 

RKKt{X-A,B):^KKi^''{p\{A),p\{B)), 

and we let dX^MglX) be the category whose objects are the t/-C*-algebras and 
whose morphism spaces are RKKq (X; A, B). By definition, y\KKg is the (co)image 
of the functor pJc in (|3.6p . We often view "^i^^g {X) as a full subcategory of ^^g ^ x ■ 
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Example 3.9. Let Q he a. group G, so that Z = -k. Then X is just a G-space, and 
ARg = A^G is the usual group-equivariant Kasparov category. We have p\ {A) = 
CoC-'f, A) in this case, so that p'^ : RRq ^ ^KKoi^) is the same functor as in [TT| 
Equation (7)]. The functor forget j^ : DlKRoi^) ^ -^g agrees with the forgetful 
functor in [11, Equation (6)]. 

The subcategory U{^Kg{X) C K^g^x is closed under the tensor product opera- 
tions (E)x and (SDz- Hence it is a symmetric monoidal category and a .ft.^g-category 
in its own right. 

A (y-equivariant map /: Xi -^ X2 induces a functor /* : .^g^Xg ~^ -^exXi, 
which restricts to a functor 

/*: 9lilS^g(X2) -^ mSiiigiXi). 

This functoriality contains grading preserving group homomorphisms 

/* : RKKf{X2;A, B) ^ RKK^ (Xi; A, B), 

which are compatible with cup-cap products in both variables A and B. These maps 
also turn X h^ RKK^(X; A, B) into a functor from the category of locally compact 
^-spaces with ^-equivariant continuous maps to the category of Z/2-graded Abelian 
groups. This is a homotopy functor, that is, two ^-equivariantly homotopic maps 
induce the same map on RKK^ (see Example 15.31 below for a proof) . 

Notation 3.10. Let V he a Q k X-C*-algebra. Then there is an associated functor 

a-p : .^Agt<x -^ ■^^gKX, Ai-^'P(E)xA. 

We denote the composite functor 

d\AKg{X) ^ Smg^x ^^ S^g^x ^°''^°''' ' SiAg 
by T-p. We have T-p{A) = V ® A ioi a t/-C*-algebra A, viewed as an object of 
^^^g{X), because of the natural isomorphisms V <E)x Pxi^) — V (E) A. Thus T-p 
determines maps 

T-p: RKKfiX; A, B):=KK':''''{p*x{A),p*x{B))^KK'^,{P<E,A,r®B). 

The functor Tp is the analogue for groupoids of the functor that is called crx,v 
in [n]. If / e KK^{A,B), then 

(3.11) Tp{p*^{f))^ap{f)^idp(g>f mKKf{p(g>A,V<E>B). 

This generalises [TTl Equation (26)]. 

4. The first duality 

Let Q he a locally compact groupoid and let Z :— C/(") with the canonical (left) 
^-action, so that Q \k Z = Q. Let X be a 5-space. The notion of an equivariant 
Kasparov dual for group actions in [11] can be copied literally to our more general 
setup. To clarify the relationship, we write 

l:=Co(Z), lx:=Co(X). 

These are the tensor units in AM.g and .^g^x, respectively. Wherever C appears 
in [llj . it is replaced by 1. Furthermore, we write T-p instead of ax,p and Ix 
instead of Co (AT) here. 

Definition 4.1. Let n G Z. An n-dimensional Q-equivariant Kasparov dual for 
the t/-space A" is a triple {V, D, Q), where 

• 7^ is a (possibly Z/2-graded) Q k A-C*-algebra, 

• L>eKK^„(P,l), and 

• eeRKK^(A;l,P), 
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subject to the following three conditions: 

(4.2) e<g,vD^idi inRKKg(X;l,l); 

(4.3) e®x/ = e®T'Tp(/) inRKK^+„(X;A,7'®B) 

for all a-C*-algebras A and B and all / e RKK^(X; A, B); 

(4.4) rp(e)®TOpflipp = (-l)"Tp(e) inKK^(7',P0P), 
where flipp is the flip automorphism on T' ® 7^ as in [llj. 

This differs slightly from the definition of a Kasparov dual in pT; Definition 18] 
because (j4.3p contains no auxiliary space Y as in [11]. As a result, {P,D,Q) is a 
Kasparov dual in the sense of llj if and only if its pull-back to Z' is a Kasparov 
dual for Z' Xz X, viewed as a ^ k Z'-space, for any Q-space Z' . The space Z' 
plays no significant role and is only added in [TT] because this general setting is 
considered in [T7]. We expect that geometric sufficient conditions for Kasparov 
duals are invariant under this base change operation. 

The notion of dual in Definition 14.11 is relative to the base space Z. In a sense, 
a ^-equivariant Kasparov dual is a C^-equivariant family of Kasparov duals for the 
fibres of the map px : X —^ Z. 

We remark without proof that (|4.4p is equivalent, in the presence of the other 
two conditions, to 

(4.5) TviQ) ®v®v {D ® idp) = (-l)"idp in KK^(P, V) 

(the easier implication (j4.4|) ^=> ()4.5|) is contained in Lemma f4.11|) . Both formula- 
tions (|4.4p and (|4.5p tend to be equally hard to check. 

Condition (|4.3p is not so difficult to check in practice, but it lacks good func- 
toriality properties and is easily overlooked (such as in [31, Theoreme 5.6]). This 
condition turns out to be automatic for universal proper tj-spaces (Lemma I4.3ip . 
We will comment further on its role in Section [5l where we discuss the special case 
where the map px : X —f Z is proper. 

Theorem 4.6. Let V be a G k X-C* -algebra, n e Z, D e KK^„(7',1), and 
O e RKK„(X; 1, P). The natural transformations 

PD: KKf_^{P(g,A,B)^RKKf{X;A,B), f^Q®vf, 

PD*: RKKf(X;A,B)^KKf_„(7'(»^,B), g v^ {-If'Tvig) ®v D 

are inverse to each other for all Q-G* -algebras A and B if and only if [V , D, Q) is a 
Q-equivariant Kasparov dual for X . In this case, the functor T-p : d\R^g{X) -^ ^Mg 
is left adjoint to the functor p'^ : ^^g -^ ^KKg{X). 

We call the isomorphism in Theorem 14.61 Kasparov 's first duality isomorphism 
because it goes back to Gennadi Kasparov's proof of his First Poincare Duality 
Theorem [T71 Theorem 4.9]. We postpone the proof of Theorem l4.6l to Section l4.1.2l 
in order to utilise some more notation that we need also for other purposes. 

Kasparov duals need not exist in general, even if the groupoid G is trivial and 
Z = -k. The Cantor set is a counterexample (see Proposition 15. 9p . 

To construct a Kasparov dual for a space, we need some geometric information 
on the space in question. For instance, for a smooth manifold we can either use 
Clifford algebras or the tangent bundle to construct a Kasparov dual. We may also 
triangulate the manifold and use this to construct a more combinatorial dual. 

We will use Kasparov duals to construct Lefschetz invariants and Euler character- 
istics. This leads to the question how unique Kasparov duals are and whether other 
notions derived from them may depend on choices. The following counterexample 
shows that Kasparov duals are not unique. 
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Example 4.7. Let G be the trivial groupoid, so that Z := • is the one-point space, 
and let X := [0, 1]. The homotopy invariancc of RKK in the space- variable implies 

RKK, {X; A, B) = RKK, (*; A, B) = KK* {A, B) 

for all C*-algebras A and B. 

Let V := C([0, 1]), let D be the class of an evaluation homomorphism, and let & 
be the class of the map C([0, 1]) -^ C([0, 1] x [0, 1]), / ^^ f<S>l- Inspection shows that 
this is a Kasparov dual for X. So is T" := C, viewed as a C*-algebra over [0, 1] by 
evaluation at any point, with D' and O' being the identity maps. While V and V 
are homotopy equivalent and hence isomorphic in AA^ they are not isomorphic in 
?l.S.ft([0, 1]) because their fibres are not KK-equivalent everywhere. 

Abstract duals formalise what is unique about Kasparov duals. This is impor- 
tant because constructions that can be expressed in terms of abstract duals yield 
equivalent results for all Kasparov duals. The equivalence between the smooth and 
combinatorial duals for smooth manifolds is used in |1HI13J to reprove an index 
theorem for the equivariant Euler operator and the Equivariant Lefschetz Fixed 
Point Theorem of Wolfgang Liick and Jonathan Rosenberg (see [20U21I). 

Definition 4.8. Let 7^ be a a-C*-algebra and let 6 £ RKK^(X; 1,7'). We call 
the pair {V, Q) an n-dimensional abstract dual for X if the map PD defined as in 
Theorem 14.61 is an isomorphism for all C/-C*-algebras A and B. We call {V, 9) an 
n-dimensional weak abstract dual for X if PD is an isomorphism for A = Ix and 
all t/-C*-algebras B. 

We can always adjust the dimension to be by passing to a suspension of V. 

Theorem 14.61 shows that (7^,9) is an abstract dual if {V,D,<d) is a Kasparov 
dual. We will see below that we can recover D and the functor T-p from the 
abstract dual. The main difference between Kasparov duals and abstract duals is 
that for the latter, V is not necessarily a C*-algebra over X . This is to be expected 
because of Example 14.71 We need weak abstract duals in connection with [Mj , 
for technical reasons, because computations in the geometric version of KK may 
provide weak abstract duals, but not the existence of a duality isomorphism for all 
^-C*-algebras A. 

Proposition 4.9. A weak abstract dual for a space X is unique up to a canonical 
KK -equivalence if it exists, and even covariantly functorial in the following sense. 
Let X and Y be two Q-spaces and let f: X ^ Y be a Q-equivariant continuous 
map. Let {Vx , 9x) and {Vy, 9y) be weak abstract duals for X and Y of dimensions 
nx and uy , respectively. Then there is a unique Vj G KK„ _„ {'Px,'Py) with 
&x ®Vx "Pf = /*(0f)- Given two composable maps between three spaces with 
duals, we have Vfog = Pf °'Pg- If X = Y, f = idjf, and {Px,Qx) = {Py,Qy), 
then Vf = id-p^ . // only X = Y , f = idx, then Vf is a KK -equivalence between 
the two duals of X . 

Proof. The condition characterising Vf is equivalent to PDx(P/) = /*(9y), which 
uniquely determines Vf. The uniqueness of Vf implies identities such as Vfog = 
Vf o Vg for composable morphisms / and g and T'idx = id-Px when we use the same 
dual of X twice. These functoriality properties imply that Vf is invertible if / 
is a ^/-homotopy equivalence. In particular, the dual is unique up to a canonical 
isomorphism. D 

4.1. Basic constructions with abstract duals. Most of the following construc- 
tions are immediate generalisations of corresponding ones in |11| . They only use an 
abstract dual or a weak abstract dual and, therefore, up to canonical isomorphisms 
between different duals, do not depend on the choice of Kasparov dual. 
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Let ("P, 9) be an n-dimensional weak abstract dual for a Q-spa.ce X. Another 
weak abstract dual {V' ,Q') of dimension n' is related to {V,&) by an invertible 
element V' in KK^,_jj(7',7'') such that 8 (^-p ip — 8'. We will express in these 
terms what happens when we change the dual. 

4.1.1. Counit. Define D e KK^„(7',1) by 

(4.10) PD(i:)) := 8 ®p £> = 1 in RKK^(X; 1, 1). 



Comparison with (j4.2p shows that this is the class named D in a Kasparov dual, 
which is uniquely determined once V and 6 are fixed. A change of dual replaces D 
by ip~'^ ig)-p D. 

The example of the self-duality of spin manifolds motivates calling D and 8 
Dirac and local dual Dirac. We may also call D the counit of the duality because 
it plays the algebraic role of a counit by Lemma 14.111 below. 

4.1.2. Comultiplication. Define V £ KKf^{P, P®'P)hy 

PD(V) :=8«)pV = 8®x8 in RKK^„(A:;1,7' T'). 
We call V the comultiplication of the duality. A change of dual replaces V by 

because {Q ®v i^) ® x {& ®r i^) = (-l)"^"'""H0®x8)®-p,g-p(V'«'i/') by the Koszul 
sign rule. 

Lemma 4.11. The object V of K^g with counit D and comultiplication V is a 
cocommutative, counital coalgebra object in the tensor category RAg ifn — 0. For 
general n, the coassociativity, cocommutativity, and counitality conditions hold up 
to signs: 

(4.12) (-1)"V ®TOP (V ® 1-p) = V 0TOP (Ip ® V), 

(4.13) V 0TOP fiipp = (-1)"V, 

(4.14) (-1)"V (g>-p0s,v {D «) Ip) = Ip = V ®v®v (Ip ® D). 

Equation (|4l^ holds mKK^jV,P^^), ([473]) holds inKK^iV ,V®V), and (|4l4l) 
holds mKK^{V,V). 

Recall that flipp denotes the flip operator onP ^P. 

Proof. The proof is identical to that of 11, Lemma 17]. D 

Proof of Theorem 14.61 The proof that PD and PD* are inverse to each other if 
{P, D, 8) is a Kasparov dual can be copied from the proof of (TT] Proposition 19]; 
see also the proof of Theorem 14.421 below. The existence of such isomorphisms 
means that the functor T-p is left adjoint to the functor p^ (with range category 

m.jmg{x)). 

Conversely, assume that PD and PD* are inverse to each other, so that {P, 8) is 
an abstract dual for X. We check that {P, D, 8) is a Kasparov dual. The first condi- 
tion (|4?2|) follows because it is equivalent to PDoPD*(idi) = idj in RKK^(X; 1,1). 
Thus D is the counit of the duality. Furthermore, we get PD*(8) — id-p because 
PD(idp) = 8. That is, 

(4.15) (-l)"Tp(8) 0TOP {D ® idp) = idp. 
Equation (j4.3p is equivalent to 

(4.16) PD*(8®x/) = Tp(/) 



DUALITIES IN EQUIVARIANT KASPAROV THEORY 17 

because & ®-p T-p{f) = PD(r-p(/)). We use graded commutativity of ®x and 
functoriality of T-p to rewrite 

PD*(e c^x /) = (-i)™PD*(/ ®x e) 

- (-i)™+C'+»)«rp(/ ®co(x) e) ®r D 

= (-ir7>(/)®pTp(e)0p2?. 

Thus (jil^ follows from gH]). 

As a special case, ()4.16p contains PD*(0 ®x 9) = rp(0), so that 

(4.17) V = T-pie). 

Hence (|4.4I) is equivalent to (|4.13p , which holds for any abstract dual. This finishes 



the proof of Theorem 14.61 D 

Equation ()4.17|) shows how to compute V using a Kasparov dual. 

4.1.3. The tensor functor. Now let [VyQ) be an abstract dual, that is, PD is in- 
vertible for all tJ-C*-algebras A and B. We define 

T^: RKK^{X;A,B)^KKf{V(g>A,V(g)B), / h^ V ®p PD^^/), 

where V is the comultiplication of the duality and (gj-p operates on the second copy 
of V in the target V ^V of V. This map is denoted a'j, in [Tl,. A computation as 
in [ni Equation (23)] yields 

(4.18) PD(r^(/))=e®x/ inRKKf+„(X;A^®S) 

for aU / G RKKf (X;yl,B). Thus (l4l6ll implies 

T!p{f)^Tr,{f) 

if ("P, 8) is part of a Kasparov dual. Thus T-p does not depend on the dual, and we 
may write T-p instead of T!p from now on. 
A change of dual replaces T-p by the map 

RKKf (X; A, B)3 f ^ (-1)'("-"')V"^ ®v Tp{f) ®p ^ £ KKf (7" (» A,V' (» B). 

Lemma 4.19. The maps Tp above define a functor 

Tp: d\M.g{X) -.Si^g. 

This is a A^g -functor, that is, it is compatible with the tensor products ®, and it 
is left adjoint to the functor p*^ : AAg — » D\MMg . 

Proof. It is clear that the natural transformation PD is compatible with ® in (|3.7p 
in the sense that PD(/i®/2) = PD(/i)®/2 if /i and /2 are morphisms in y{K^{X) 
and KKg, respectively. Hence so are its inverse PD^ and Tp. The existence of a 
duality isomorphism as in Theorem 14.61 implies that p^ : KAg — * ^XA^g has a left 
adjoint functor T : ^iKAg -^ KAg that acts on objects by A t^ A^V like Tp. This is 
a functor for general nonsense reasons. We claim that T-p = T, proving functoriality 
of T-p. The functor T is constructed as follows. A morphism a £ KKK^ {X; Ai, A2) 
induces a natural transformation 

a*: RKKf {X; A2, B) ^ RKKf^jiX; Ai, B), 

which corresponds by the duality isomorphisms to a natural transformation 

a* : KKf_„(P ^A^^B)^ KKf+^_„(7' ® Ai, B). 
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By definition, T{a) is the image of id-p®yi2 under this map. Thus T{a) is determined 
by the condition 

PD(r(a)) = a*(PD(idTOAj) = a*(e ® id^J = 9 (g)x a. 

The same condition uniquely characterises T-p{a) by (|4.18p . D 

Now we can describe the inverse duality map as in |1H Equation (24)]: 

(4.20) PD-\f) = i-iy^T-pif) ^v D inKKf_„(P®A,S) 

for / G KKKf{X; A, B), generalising the definition of PD* for a Kasparov dual in 
Theorem mni to abstract duals. 



4.1.4. The diagonal restriction class. The diagonal embedding X^XxzXisa 
proper map and hence induces a *-homomorphism 

Ix «> Ix = Co{X xzX)^ Co(X) = tx. 
This map is t/ ix X-equivariant and hence yields 

AxeRKK^(X;lx,l) = KK^^^(Co(XxzX),Co(X)). 

This is the diagonal restriction class, which is an ingredient in equivariant Euler 
characteristics (see Definition 14. 26p . It yields a canonical map 

(4.21) . 01^ Ax : KK^(lx ^ A,lx ^ B) ^ RKK^(X; tx ® A, B). 

In particular, this contains a map KK^(lx,lx) -^ R-KK, (-'^; Ix, 1), which will 
be used to construct Lefschetz invariants. 

Example 4.22. li f : X —t X is a, proper, continuous, (/-equivariant map, then 

[/]®i^ AxeRKK^(X;lx,l) 

is the class of the *-homomorphism induced by (idx, f)'- X ^ X y.z X. 

Now drop the assumption that / be proper. Then (id^,/) is still a proper, 
continuous, ^-equivariant map. The class of the *-homomorphism it induces is 
equal to /*(Ax), where we use the maps 

/* : RKK^(X; A, B) ^ RKK^(X; A, B) 

ioT A^tx.B^t induced hy f: X ^ X. 

4.1.5. The multiplication class. Let T-p be the tensor functor and Ax the diagonal 
restriction class of an abstract dual (P, Q). The multiplication class of V is 

(4.23) H-=rp(Ax)eKK^(7'®ix,P). 

A change of dual replaces [m] by if}^'^ ®-p [m] ®-p -0. 

Lemma 4.24. Let {V, D, Q) be a Kasparov dual. Then [m] is the class in KK 
of the multiplication homomorphism Co(^) ®'P ~f V {see ()2.9|) ) that describes the 
X -structure on V [up to commuting the tensor factors) . 

Recall that (g) denotes the tensor product over Z. Since a t/-C*-algebra is already 
a C*-algebra over Z, we can describe an additional structure of C*-algebra over X 
by a multiplication homomorphism Co(^) (Sz P — > P. 

Proof. Whenever we have a Kasparov dual, the homomorphism T-p{Ax) is the 
class of the multiplication homomorphism for V because Ax is the multiplication 
homomorphism for Co(^). □ 
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4.1.6. Abstract duality as an adjointness of functors. 

Proposition 4.25. A Q-space X has an abstract dual if and only if the functor 

has a left adjoint functor T: 'y{RRg{X) -^ RM.g such that T is a ^^g -functor and 
the natural isomorphism 

PD : KK^(P (E)A,B)^ RKK^(X; A, B) 

is a RRg-morphism in the notation of |27| ; this means that both T and PD are 
compatible with the tensor product ®. 

Proof. Given an abstract dual, the functor T := T-p is a .^.Sg-functor and left adjoint 
to p^ by Lemma 14.191 The natural transformation PD is compatible with by 
definition. 

Suppose, conversely, that p^ has a left adjoint functor T with the required 
properties. Compatibility with (g) implies T{A) = T(l ® A) = V ^ A for the 
a-C*-algebra V := r(l). Let 9 := PD(idp) G RKK^(X;1,P). Compatibility 
with (g) yields PD(idA®p) — PD(id73) ® id^ — Q (^ id^. Finally, naturality forces 
PD to be of the form f — f o (id^,g,p) i— > PD(id^,g-p) (^a0V ./ = © ®v f for all 
/ e KK^{A ®'P,B). Hence (P, 6) is an abstract dual for X. D 

It may seem more natural to require an adjoint functor for p\ on .^^ , not 
just on the subcategory y\^^{X). But such an extension is not possible in general 
(see Example 14.411 below) . 

4.2. Equivariant Euler characteristic and Lefschetz invariants. Now we use 

an abstract dual to define a Lefschetz map 

Lef: RKK^(X;Co(X),Co(Z)) ^KK?(Co(X),Co(Z)). 

This generalises the familiar construction of Lefschetz numbers for self-maps of 
spaces in three ways: first, we consider self-maps in Kasparov theory; secondly, our 
invariant is an equivariant K-homology class, not a number; thirdly, self-maps are 
not required to be proper, so that the domain of our map is RKK^X; Cq{X), Co(2')) 
andnotKK^(Co(X),Co(X)). 

We let X be a ^-space and ('P, <d) an n-dimensional abstract dual for X through- 
out. Occasionally, we assume that this is part of a Kasparov dual (P, D, 0), but the 
definitions and main results do not require this. Let PD and PD~^ be the duality 
isomorphisms. As before, we write 

l:=Co(Z), lx:-Co(X). 

We let Ax G RKK^(X; lx,l) = KK^''^(lxiX'lx, Ix) be the diagonal restriction 
class and 

8 := forgetx(e) G KK^(lx,P ® tx). 

Definition 4.26. The equivariant Lefschetz map 

Lef:RKK^(X;lx,l)^KK?(lx,l) 

for a ^-space X is defined as the composite map 

RKKf (X; Ix, 1) ^^ KKf_„(P ® tx, 1) ^^'"^'^": KKf (Ix, 1). 
The equivariant Euler characteristic of X is 

Eulx:=Lef(Ax)GKK^(lx,l)-KK^(Co(X),Co(^)). 
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Our definition of the cquivariant Eulcr characteristic is literally the same as 
[TTl Definition 12] in the group case. 

Let / e RKKf (X;ljf,l). Equations ((i:^ and (|i:^ yield 

(4.27) Lef(/) = (-l)"'e (g>vmx Tvif) ®v D, 

(4.28) Eulx = (-1)^9 ®vmx M ®v D. 

If {P, G) is part of a Kasparov dual, then T-p = T-p and [m] is the KK-class of 
the multiplication *-homomorphism 00(^,7^) -^ V, so that (|4.27p yields explicit 
formulas for Lef(/) and Euljf. These are applied in [TTlfT^ . 

In the group case, [TTJ Proposition 13] asserts that the equivariant Euler charac- 
teristic does not depend on the abstract dual and is a proper homotopy invariant 
of X. This immediately extends to the groupoid case, and also to the Lefschetz 
map. The most general statement requires some preparation. 

Let X and X' be ^-spaces, and let f : X ^ X' he a, tj-homotopy equivalence. 
Then / induces an equivalence of categories D\ARg{X') ^ yiAM.g{X), that is, we 
get invertible maps 

r:RKK^AX';A,B)^RKK't{X;A,B) 

for all ^-C*-algebras A and B. Now assume, in addition, that / is proper; we 
do not need the inverse map or the homotopies to be proper. Then / induces a 
*-homomorphism /' : Co(X') -^ Co(X), which yields [/'] £ KK^(Co(X'), Co(^)). 
We write [/] instead of [/*] to better distinguish this from the map /* above. 
Unless / is a proper C/-homotopy equivalence, [/] need not be invertible. 

Proposition 4.29. Let X and X' be Q -spaces with abstract duals. Let f : X ^ X' 
be both a proper map and a Q -homotopy equivalence. Then 

[/'] ®c„(x) Eulx = Eulx' in KKg(Co(X'), 1) 

and the Lefschetz maps for X and X' are related by a commuting diagram 

RKK?(X; Co(X), 1) -^ RKKf (X'; Co(X), 1) ^^ RKK^ (X'; Co(X'), 1) 



Lof, 



Lcf , 



KK^(Co(X), 1) — KK?(Co(X'), 1), 

where [/•]* denotes composition with [/■]. 

In particular, Eulx and the map Lef jc do not depend on the chosen dual. 

Proof. The assertion about Euler characteristics is a special case of the one about 
Lefschetz invariants because the proof of [TTl Proposition 13] shows that the diag- 
onal restriction classes lS.x and Ax' are related by 

Ax' = [/'] ®CoW (r)-\Ax). 
When we replace Ax in the proof of 11, Proposition 13] by a general element 
a G RKK^(X; Co(X); 1), then the same computations yield our assertion about 
the Lefschetz maps. D 

Proposition l4. 29l implies that the Lefschetz maps for properly 5-homotopy equiv- 
alent spaces are equivalent because then [/] is invertible, so that all horizontal maps 
in the diagram in Proposition 14.291 are invertible. In this sense, the Lefschetz map 
and the Euler class are invariants of the proper 5-homotopy type of X . 

The construction in Example 14.221 associates a class [A/] G RKKg (X; Co(X), 1) 
to any continuous, 5-equivariant map f : X ^ X] it does not matter whether / is 
proper. We abbreviate 

Lef(/) := Lef([A;]) 
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and call this the Lefschetz invariant of /. Of course, equivariantly homotopic self- 
maps induce the same class in RKKq (X; Co(^), 1) and therefore have the same 
Lefschetz invariant. We have Lef(idx) = Eulx- 

Furthermore, the Kasparov product with Ax provides a natural map 

„ ®i^ Ax : KKf (Co(X), Co(X)) ^ RKK? (X; Co(X), 1), 

which we compose with the Lefschetz map to get a map 

KKf(Co(X),Co(X)) ^KK^(Co(X),l) 

While elements of KK^(Co(-'^), Co(X)) are the self-maps of Co(^) in the category 
^Mg, elements of RKK^(X; Co(X), 1) may be thought of as non-proper self-maps. 

If t/ is a discrete group and f : X ^ X is a. ^-equivariant continuous map, then 
its Lefschetz invariant is usually a combination of point evaluation classes, that 
is, Lef(/) can be represented by an equivariant *-homoniorphism Co(X) — > ]K(7i) 
for some Z/2-graded t/-Hilbert space H. [HI Theorems 1 and 2] assert this if / 
a simplicial map on a simplicial complex or if / is a smooth map on a smooth 
manifold whose graph is transverse to the diagonal. Dropping the transversality 
condition, Lef(/) is an equivariant Euler characteristic of its fixed point subset, 
twisted by a certain orientation line bundle. 

In contrast, Lefschetz invariants for general elements of RKK^ (X; Co(X), 1) may 
be arbitrarily complicated: 

Proposition 4.30. The composition 

KKf (Co(X), 1) ^ RKKf (X; Co(X), 1) ^ KK^(Co(X), 1) 

is the identity map. 

Proof. Let a G KKS^(Co(X), 1). We check Lei{p*x{a)) = a. Let D G KK^„(7',1) 
be the counit of the duality. Then PD{D (^ a) = Q ®-p D (E) a = p*xia). Therefore, 



because 9 ^-p D = Q (g)p D = idc„(x) — idco(x)- ^ 

4.2.1. Mapping to topological K-theory. We briefly explain an approach to extract 
numerical invariants out of Lefschetz invariants and Euler characteristics. 
The topological K-thcory of Q may be defined as the inductive limit 

KfP(g)=limKKe(Co(X),l), 

X 

where X runs through the category of proper ^-compact ^-spaces with homotopy 
classes of C^-equivariant continuous maps as morphisms. If £Q is a universal proper 
^-space, we may replace this category by the directed set of ^/-compact (y-invariant 
subsets of £Q, which is cofinal in the above category. 

Therefore, if X is proper and ^-compact and has an abstract dual, we may map 
Lef(a) for a € RKKJ'(X; Co(X), 1) to an element of Kl°P{g). A transverse mea- 
sure on Q induces a trace map r: Kq°P(C?) -^ R. It is justified to call T(Lef(a)) 
the L^- Lefschetz number of a and r(Eulx) the L^- Euler characteristic of X; equa- 
tion (|7.25p shows that the resulting L^-Euler characteristic is the alternating sum 
of the L^-Betti numbers and hence agrees with the L^-Euler characteristic studied 
by Alain Conncs in [3]. 
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4.3. Duality for universal proper actions. Now we consider the special case 
where X is a universal proper C^-space. More precisely, we assume that the two 
coordinate projections X Xz X ^ X are t/-equivariantly homotopic; equivalently, 
any two t/-inaps to X are (y-equivariantly homotopic, which is a necessary condition 
for a proper action to be universal. Here a simplification occurs because (j4.3p is 
automatic: 

Lemma 4.31. Assume that the two coordinate projections X Xz X ^ X are 
Q-equivariantly homotopic. Let A and B he Q-C* -algebras, let V be a Q k X-C*- 
algebra, and let f e KKK^ {X ; A, B) . Then 

/ idp = p*x {Tv{f)) in RKKJ(X; V®A,V®B). 

As a consequence, 6 ®x / = O 0p T-p{f) for any 6 G RKKJ(X; t,V). 

Proof. Since the coordinate projections ■ki,'K2'- X Xz X ^ X are t/-equivariantly 
homotopic, we have TrKf) = T^2if) iii RKK^(X Xz X;A,B). Now tensor this 
over the second space X with V and forget the cquivariance in this direction. The 
resulting classes Tp(7rJ(/)) and T-p{-Kl{f)) in RKK^(X;'P (g) A,r (g> B) are still 
equal. The first one is / id-p, the second one is p*-^{T-p{f)^ . Finally, we observe 
that e®x/ = e®x.p(/®idp) wAQ®vTvU) = 'd®x,vP*x{T-p{f)). □ 

Thus, we only need the two conditions (|4.2p and (|4.4p for {V, D, Q) to be a 
Kasparov dual for X. 

Theorem 4.32. Let £Q he a universal proper Q-space and let {V, D, Q) be an 

n-dimensional Kasparov dual for £Q . Then 

e e RKK^(£e; t,V) and plg{D) e RKK^„(£:a; P, 1) 

are inverse to each other, and so are 

V eKK^^{P,P(g>P) and idp ® D = (-1)"!? ® idp G KK^„(P ® P,P). 

Thus the functor A i-^ P i^i A is idempotent up to a natural isomorphism in ^^g 
and the class in KKo{P ® P ,P ® P) of the flip automorphism onP ®P is (—1)". 

Proof. The pull-back {p*£gP,P*£gQ) is a Kasparov dual for p^gSG = £G ^z £Q 
over £Q, where £Q Xz £G is a space over £Q via a coordinate projection vr: £Q Xz 
£Q —>■ £Q and 

plgQ eRKKl{£g Xz £g-,t,P)^RKKl'''^{£g-plgt,plgP). 

The reason for this is that (|4.2p and (|4.4p are preserved by the base change p%g, 
while (j4.3p is automatic by Lemma [4.311 
As a result, p^gQ induces isomorphisms 

RKK'i''^'^{£g; A, B) ^ KK^'^^^iP (g> A, B) 

for all g X f 5-C*-algebras A and B; recah that p^gP <®sg A = P (g) A. 

The universal property of £g implies that the projection tt is a C^-homotopy 
equivalence. Hence it induces isomorphisms 

(4.33) KKf ^^^(A, B) = RKK?^^^(£g; A, B). 

Both isomorphisms together show that 'P = 1 in d\^Ag{£g). More precisely, inspec- 
tion shows that the invertible elements in RKK_„(f C/; T', 1) and RKK„(f ^; Ij'P) 
that we get are p'^gD and 9. 

To get the remaining assertions, we apply the functor T-p. This shows that 
V = rp(e) and id (g) D = T-p {plg{D)) are inverse to each other. Thus P'S>P = P 
in ^Rg. We get id-p (^ D — (— 1)"Z? g) idp because both sides are inverses for V 
by (|4l4l) . and fiip = (-1)" follows from ^t^. D 
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Theorem 4.34. Let £Q be a universal proper Q-space and let (V, D, Q) be a 

0-dimensional Kasparov dual for £Q. Let A be a Q-C* -algebra. The following 
assertions are equivalent: 

(1) D >S)idA is invertible in KKqCP ® A, A); 

(2) A^V^A inSkSig; 

(3) A is YLK -equivalent to a proper Q-C* -algebra, that is, A = ioiget£g{A) for 
some Q k £Q-C* -algebra A; 

(4) the map 

Pig : KKtiA, B) ^ RKK?(f 5; A, B) 
is invertible for all Q-C* -algebras B. 

Proof. The implications (1)=>(2)==>(3) are trivial because V ® A \s a. proper 
^-C*-algebra. 

We prove (3)^=>(1). By definition, a proper t/-C*-algebra is a 5 k X-C*-algebra 
for some proper ^-space X. Since there is a 5-map X —>■ £Q, we may view any 
Q x X-C*-algebra as a C^ x f CJ-C*-algebra and thus assume A = forget£g(A). Then 

PhiD) ®£g id^ e KK^"^^(pJg(P) ®eg i, A) 

is invertible because p*£g{D) is. Now identify p^giV) ®£g A "^ V ® A and forget 
the f ^/-structure to see that D ® iAa in KKq (P ® A, A) is invertible. 

Finally, we prove (1) <;=^ (4). For all t/-C*-algebras A and B, the diagram 

KK?(A, B) ^^=-^ KKtiV ® A, B) 



(4.35) 



PD 

Peg 



Y(KK^,{£Q;A,B) 



commutes because Q ®-p D = 1. By the Yoneda Lemma, D ® id^i is invertible if 
and only if the horizontal arrow is invertible for all B. Since the diagonal arrow is 
invertible, this is equivalent to the vertical arrow being invertible for all B, that is, 
to (4). D 

Theorems 14.321 and 14.341 are important in connection with the localisation ap- 
proach to the Baum-Connes assembly map developed in |25j , as we now explain. 

Definition 4.36. Let £Q be a universal proper t^-space. We define two subcate- 
gories of MAg : 

CC := {A ee jm^ \ p*£giA) = in mSm^{£Q)}, 

CV := {A ee Mp \ A is KK^-equivalent to a proper C?-C*-algebra}. 

Corollary 4.37 (compare 2B;i Theorem 7.1]). Let £Q be a universal proper Q-space 
and suppose that £Q has a 0-dimensional Kasparov dual (1^,0,0). Then the pair 
of subcategories {CV, CC) is complementary. The localisation functor MMg — > CV 
is A ^^ V (® A, and the natural transformation from this functor to the identity 
functor is induced by D. The localisation of AM.g at CC is isomorphic to Dl^M.g{£Q) 
with the functor p*£g : KKg -^ ^MMg{£Q). 



Proof Let L belong to CV and C belong to CC. Then L = V®Lhy Theorem 14341 
Hence 

KK^(L, C) - KKg(P^L, C) - RKK^(f ^; L, C) = KK^^'''%p*£g{L),plg{C)) = 0. 

Thus CV is left orthogonal to CC. 
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Let ^ be a C^-C*-algebra. The cone oi D(E)idA ■ V<E)A^A (mapping cone in the 
sense of triangulated categories) belongs to CC because PggiD (^ id a) is invertible 
in d\K^g{£Q) by Theorem 14.321 Hence any object A belongs to an exact triangle 
L ^ A^ C ^ L[l] with L e CV, C € CC, where we take L ^ P (g) A and the map 
L — > A induced by D. Thus {CV,CC) is a complementary pair of subcategories. 

In the localisation of ^^g at CC, the morphism groups are KKq(v4 ® VjB). 
These are identified with KKKq{£Q;A,B) by the first Poincare duality isomor- 
phism. Hence the localisation is equivalent to D\K^g{£Q). The commuting dia- 
gram ()4.35p shows that the localisation functor becomes p'^g. D 

Let G be a group. In ^E\, the analogues of the categories CV and CC are defined 
slightly differently: for CC, it is only required that p'^,^{A) = for all compact 
subgroups H C G, and CV is replaced by the triangulated subcategory generated 
by objects of the form iorgetQ/ff(A). We have not yet tried to construct proper 
actions of groupoids out of simpler building blocks in a similar way. 

Next we relate Kasparov duality to the Dirac dual Dirac method for groupoids. 

Definition 4.38. An n-dimensional Dirac-dual-Dirac triple for the groupoid G is 
a triple {V,D,'q) where V is & G k £:^-C*-algebra, D e KK^„(7',1), and rj € 
KK^(1,P), such that p};g{ri ®-p D) = l^g in RKK^(f 5; 1, 1) and Z? (g) 77 = id-p in 
KK^(7',7'). 

The two conditions p^gi^i] ^v D) = Igg and D ® rj = id-p are independent: if 
both hold, then we may violate the second one without violating the first one by 
adding some proper 5-C*-algebra to V and taking {D, 0) and (77, 0); and the second 
one always holds if we take V = Q. 

Theorem 4.39. Let [V , D, rj) be an n-dimensional Dirac-dual-Dirac triple. Let 
@ := P£g{rj) and let j := rj (8)-p D. Then {V,D,Q) is an n-dimensional Kasparov 
dual for £Q . Furthermore, 7 is an idempotent element of the ring KKq(1,1). This 
ring acts naturally on all KK -groups by exterior product. The map 

p}g:KK't{A,B)^RKK^,{£g;A,B) 

vanishes on the kernel of j and restricts to an isomorphism on the range of"f. Its 
inverse is the map 

RKKf{£g; A,B)^j- KKf{A, B), a ^ (-I)"?? ®v Tv{a) ®v D. 

Proof. Condition (|4.2p amounts to our assumption p*gg{'^) ^ Ifcj. Clearly, the 
exterior product 77 ry is invariant under flipp up to the sign (—1)". Since r]®ri = 
r] ®v T-p{r]) and D ® rj = id-p, this implies (|4.4p . Condition (|4.3p is automatic 
by Lemma 14.311 Hence {V, D, Q) is a Kasparov dual for £Q. The assumption 
D ® 7] = id-p implies that 7 is idempotent. 
If / G KKf(A,B), then 

{^ir'7j®vTp{plg{f))®vD 

= {-l)"'v ®v (idp ® f)®vD = rj(g>pD® f ^-1- f. 

If f e RKKf{£g; A, B), then Lemma HSU implies 

{^irplgiil ®v Tp{f) ®v D) = (-l)^"e ®p Tp{f) ®-p D 

= (-l)"'e ®£gf®pD^f ®eg Q®vD = f. 
The remaining assertions follow. D 
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4.4. Extension to non-trivial bundles. Let {V, D, Q) be an n-dimensional Kas- 
parov dual for X. The functor T-p extends to a functor 

T-p : KK?^^(A, B) ^ KK?(7' ®x A, T' ®x B) 

for all t/ X X-C*-algebras A and i?, combining the tensor product over X with V 
and forget js: . li B = p*x{Bo) = Co{X)'S) Bq, then we can simplify V®xB '^V®Bq. 
Extending the definition in Theorem 14. 6| we get a natural transformation 

(4.40) PD* : KKf ^^(A,p3fB) '~'^'"^''. KKf (P ®x A^ <» S) 

^^^KKt„(P®xAS) 

if A is a t/ K X-C*-algebra and S is a 5-C*-algebra. This map fails to be an 
isomorphism in the following simple counterexample: 

Example 4.41. Let Q be trivial, take a C*-algebra A, and view it as a C*-algebra 
over X concentrated in some x ^ X. Unless x is isolated, the only X-linear Kas- 
parov cycle for A and Cq{X, B) is the zero cycle, so that KK^ (A, Co(^, B)) = 0. 
But there is no reason for KK*(A ®x 'P, B) to vanish because A (E)x V — A®Vx- 

The following theorem gives necessary and sufficient conditions for (|4.40p to be 
an isomorphism. The first results of this kind appeared in [9_ and j5^ . 

Theorem 4.42. Let V and A be G k X-G* -algebras. Let 6 G RKK^(X; t,V) and 
D £ KK_„('P, 1) satisfy (|4.2p and (j4.5p {both are necessary conditions for Kasparov 
duals). The map PD* in (|4.40p is invertible for all Q-C* -algebras B if and only if 
there is 

eAeKKf,^''{A,pX,ir^xA)) 
such that the diagram 

V®xA !MM^ V®{V®x A) 

(4.43) 

' ' " '" 1-l)"flip 

{V ®xA)®V 
in KM.g commutes and, for all a £ KK^'^ (A,p'^{B)), 
(4.44) Oa ®v^^a Tvia) = 6 ®x a tn KKf^^f {A,p*^{V B)) . 

There is at most one element Qa with these properties, and if it exists, then the 
inverse isomorphism to ()4.40p is the map 

PD : KK? {V ®x A, B) ^ KK^^^ {A, p*x{B)), a^ Qa ^v^^a a. 

Proof. If there is Oa with the required properties, then the following routine com- 
putations show that the maps PD* and PD defined above are inverse to each other. 
Starting with a e KKf^^ (A, p*x{B)), we compute 

PD o PD*(a) := (-1)^6^ ®to^a Tv{a) ®v D 

= (-l)"'e ®xa®vD = a®xQ®v D ^a, 
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using (|4.44p . graded commutativity of exterior products, and (|4.2p . Starting with 
/3 € KKf_„(7' (^x A B), we compute 

PD* o PD(/3) := (-l)™rp(eA ®v^^A (i) ®v D 

= {-lyTvi&A) ®v®xA l3®vD 

= (-l)^"+"Tp(e (g>x idA) (^(v(SxA)(sv (/3 «- D) 

= Tv{<d ®x id^) ®v(i>(vr^xA) {D ® (i) 

= T-p{{e ®v D) ®x id^) ®v®xA (3 = P, 

using (|4.43|) . graded commutativity of exterior products and (14. 2|) . Hence our two 
maps are inverse to each other. 

Now suppose, conversely, that PD* is an isomorphism for all B. Equations (|4.43p 
and fO]) imply 

(4.45) PD*(eA) = (-l)"Tp(eA) ®vD^ Trie ®x id^) ®v D ^ id-p^^A- 

Hence there is at most once choice for Qa, namely, the unique pre-image of the 
identity map on V ® jc A. The inverse map PD of PD* must have the asserted form 
by naturality. We claim that the above choice of Qa satisfies (|4.43p and (|4.44p . 
For (|4.43p . we compute the image of 

Oa 0x e - (-l)"e ®x Oa e KK^,r^(v4,p^(P ®x A) ® V) 

under PD* in two different ways. On the one hand, 

PD*(eA ®x e) := TviOA ®x e) CS>v D 

= Tv{Qa) ®v Tv{<d) ®vD= {-\YTv{Qa), 
using that T-p is functorial and (|4.5p . On the other hand, 

PD*(0 ®x Qa) := Tp(e ®x Qa) ®v D 

= T-p{Q ®x idA) ®v®xA Tv{Qa) ®v D = (-l)"Tp(e ®x id^) 

by ()4.45p . Hence T-p{Q ®x idyi) and T-p{Qa) agree up to the sign (-1)" and the 
flip of the tensor factors, which we have ignored in the above computation. 
Now we check g31- Let a € KKf''-^(A,p3^(B)). Then 

PD*(e ®x a) = PD*((-l)"a ®x O) = Tp(a ®x ©) ®v D 

= Tv(a) ®v Tv{Q) ®r D ^ Tp{a) ®vV ®v D = (-l)"Tp(a). 
The graded commutativity of exterior products yields 

PD*(0A ®v®xA Tv{a)) = (-l)™Tp(eA) ®v<»xA Tr{a) ®v D 

= Tv{Qa) ®v D ®v®xA Tv{a) = (-l)"Tp(a), 
again using (j4.45p . These computations imply (I4.44p because PD* is injective. D 

Remark 4.46. The conditions (|4.43p and (|4.44p are related: we claim that (|4.43p 
already implies 

(4.47) T-p{eA ®v®xA Tv{a)) = {-l)"'Tv(a ®x O) 

in KKf+„(7' ®xA,V®V®B) for aU a G KKf"^ {A,p\{B)) . If the first Poincare 
duality map in (|4.40p is an isomorphism, then T-p must be injective, so that (|4.47p 
yields (|4.44p . Hence (I4.44p is equivalent to injcctivity of Tp on suitable groups. 
This also applies to the second condition (14. 3p in the definition of a Kasparov dual: 
this is just the special case of Theorem 14.421 where ^ is a trivial bundle over X. 
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We check (|07)) : 

T-p{Qa ®v®xA T-p{a)) = T-p{Qa) ®v®xA Tv{a) 

= (-l)"r-p(e ®x id^) ®v®xA®v flip ®v®xA Tv{a) 
= (-l)"rp(e ®x a) »p«p fliPT^ 

- (-i)"+"rp(a) ®P rp(e) ®p«p flip^^ 

= (-i)"rp(a) cg)^, rp(e) = {-ly'^Tvia ®v e). 

This computation uses (|4.43p . graded commutativity of exterior products, and (|4.13p . 

4.5. Modifying the support conditions. The first duahty isomorphism for a 
proper Cy-space X speciahses to an isomorphism KK^('P,1) ^ RKg(X) for trivial 
A and B. Now we construct a similar duality isomorphism in which RKg(X) is 
replaced by the equivariant K-theory (with Cy-compact support) 

K^(X):=K,(gxCo(X)). 

This is based on a result of Jean-Louis Tu (31, Proposition 6.25]). Let Ix denote 
the directed set of Cy-compact subsets of X (these are closed and C^-invariant by 
convention) . 

Theorem 4.48. Let X he a proper Q -space and let B be a Q t< X-C* -algebra. Then 
there is a natural isomorphism 

lim KK^''-^{CoiY),B) = K^G k B). 
Yeix 

Proof, li X is ^-compact, then the left hand side is simply KK^'^^ {Co{X), B), and 
the statement follows easily from [31] Proposition 6.25], see also [121 Theorem 4.2]. 
In general, we let 

By ■.= {h(^B\h^ = Q for al\xeX\Y} for Y elx- 

This is a (y-invariant ideal in B, and K»(t/ k By) is the inductive limit of K*(t/ k By) 
because K-theory commutes with inductive limits. To finish the proof, we reduce 
the general to the C^-compact case by constructing natural isomorphisms 

KK^^^(Co(y),B) =KKj^^(Co(r),Sy). 

We observe that an X-equivariant correspondence from Y to B must involve a 
Hilbert module over B whose fibres vanish outside Y. Hence inner products of 
vectors in this Hilbert module must belong to the ideal By in B and provide a fac- 
torisation of any Kasparov cycle for KK^'^ (CoiY) , B) through a unique Kasparov 
cycle for KKf^^(Co(F), By). D 

Now we modify the first duality isomorphism as follows. Let A he a. Q « X-C*- 
algebra and let B be a a-C*-algebra. For F e /x, we let A\y := A / Ca{X \Y) ■ A 
be the restriction of A to Y. Then we consider the map 

(4.49) PD*: Urn KKf'^^i A\y,p*xB) ^^^^^^^^-^ \hn KKf{P(E,xA\y,r(E)B) 
Yeix Yeix 

^^^ hm KKl^iV ®xA\y,B) 
Yeix 

This is the inductive limit of the maps in (|4.49p for A\y ior Y ^ Ix ■ In examples, it 
often happens that this map is invertible between the inductive limits although the 
maps for a single Y G Ix are not invertible. The following variant of Thcorcm l4.42l 
provides a necessary and sufficient condition for this: 
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Theorem 4.50. Let P and A be G k X-C* -algebras. Let 6 G RKK^(X; 1,P) and 
D e KK^„(7',l) satisfy (g^l) and jM]). The map PD* in !fAA9\f is invertible for 
all Q-G* -algebras B if and only if for each Y G Lx there are Y' S Lx with Y' DY 
and 

OaIy eKKf^"""" {A\y' ,p*x(V ®x A\y)) 
such that the diagram 

V ®x A\y' '^■p^'^^\^\ V®{V®x A\y) 



T-p{e®xldA\Y') 



(-l)"flip 



{V ®x A\y') ® V — ^ {V ®x A\y) ® V 

in ^^g commutes and, for all a G KK^^ ('^|y,p3^(5)V 

Qa\y ®v^xAW Tv{a) = (i?^,)*(0 ®x a) m KKf+^„-^(A|y,,p3,(7' ® B)). 
Here Ry, '■ A\y' — > A\y denotes the restriction map. 

The proof of Theorem 14 .501 is almost Hterally the same as for Theorem 14.421 
In particular, Theorem 14.501 identifies 

Kf(X)- hm KKt,,{V\Y,t)- 
Yeix 
The right hand side is a variant of the t/-equivariant K-homology of V with some 
built-in finiteness properties. 

What does the factorisation of O in Theorem 14.501 mean HA — Co(^)? The 
following discussion explains why we call this a locality condition and why it does 
not come for free in an axiomatic approach but is cheap to get in concrete exam- 
ples. Since this, eventually, does not help to prove theorems, we are rather brief. 
Roughly speaking, we introduce a support oiQ in X XzX. Merely being a cycle for 
KKK {X; 1,7-") forces the restriction of the first coordinate projection to the sup- 
port of to be proper. The factorisations require the second coordinate projection 
to be proper as well. In practice, the support of is a small closed neighbourhood 
of the diagonal in X x^ X, so that both coordinate projections are indeed proper 
on the support. But this is a feature of concrete constructions, which cannot be 
taken for granted in a general axiomatic theory. 

A cycle & for RKK„(X; t;V) consists of a (possibly Z/2-graded) t/-equivariant 
Hilbert module £ over Co(-'i^) ® V and C^-equivariant self-adjoint operator F such 
that If ■ {1 — F^) is compact for all (p G Co(X); here Co(X) acts by right multipli- 
cation because of Co(X)-linearity. 

Since P is a C*-algebra over X as well, we may multiply on the left by functions in 
Co{XxzX) and view F as a 5-equivariant family of operators i^(3,j 3,2) for (a;i,a;2) G 
X Xz X, with Fxi.x2 acting on a Hilbert module i?(xi,x2) over 'Pxa- Compactness of 
ip'-{l — F'^) for all (p' G Co{XxzX) means that 1 — F?^ ^^ is compact for all (xi,a;2) 
and depends norm-continuously on {xi, X2) in a suitable sense. Assuming this, the 
operators (p-{l~F'^) are compact for all ip G Co(A") if and only if ||1 — F? ^ Jl — > 
for X2 —^ 00, uniformly for xi in compact subsets in X. Letting S^ be the closed 
set of all (xi,a;2) G X Xz X with \\F? ^^ ) — 1|| > £■ this means that the first 
coordinate projection tti: S^ ^ X is proper for all e > 0. Actually, it suffices to 
assume this for e = 1 because F^ is positive where ||F^ — 1|| < 1, so that we may 
always homotopc F to another operator with F^ = 1 outside a given neighbourhood 
ofS'i. 

When does e|y factor through KK^''-^(Co(r'), Co(X)®7'|y)? Cycles for the lat- 
ter group may be viewed as cycles for KK^^'^ (Co (-'^), Go{X)<S)P) where £(^xi,x2) — 
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for X2 ^ Y 01 xi ^ Y' . The restriction of 9 to Ojy only ensures E{^xi,x-i) — foi' 
X2 ^ Y . If only \\F? ^ x — 1|| < 1 for X2 ^ 1^ or a;i ^ F', then standard homotopies 
provide another representative first with F? \ — ^ for X2 i Y oy xi 4 Y' and 
then one with £(^r^^,^^) = for X2 ^Y oy xi ^ Y' . Hence the factorisations required 
in Theorem 14.501 exist if and only if for each ^-compact subset Y (1 X there is a 
^-compact subset Y' C_ X such that 5"! C F' x Y . This condition seems unrelated 
to the properness of the first coordinate projection on 5*1. It follows if the second 
coordinate projection is proper. 

In practice, if G does not come from a dual Dirac element, its construction usually 
ensures £(^xi,x-2) — outside a small neighbourhood of the diagonal, so that both 
coordinate projections are proper on Si (see also Section [T]). Hence, the necessary 
factorisations exist by construction. This feature of the construction is also used 
to get Qa for strongly locally trivial A, compare Section [7751 

5. Bundles of compact spaces 

Throughout this section, we consider the simpler case of a proper space over Z , 
that is, the map px : X — > Z = Q^^i is proper. We may then view X as a bundle 
of compact spaces over Z (but these bundles need not be locally trivial) . If X is 
proper over Z , then there is an equivariant *-homomorphisni 

Px- Go[Z) ^Cn{X), Lp^Lpopx- 

If Z is a point, then X is compact and p'^ is the unit map C -^ C(X). 

Proposition 5.1. Let X he a proper Q-space over Z . Let A he a Q-C* -algebra and 
let B he a Q tK X-C* -algehra. Then the map 

(5.2) KK^^^(p3,(v4),i3)^KKf(AS), a k^ [p^^] ^CoW forget^ («) 

is a natural isomorphism. Let [ms] G KKq {p%^{B),B) be the class of the multi- 
plication homomorphism p*^{B) = Co(^) ®z B ^ B. The inverse of the isomor- 
phism in ()5.2p is the map 

KKi{A,B)^KK'i''''{p*x{A),B), a ^^ p3,(a) ®p^(B) [ms]. 

Proof. The action of Go{X) ® A in a. cycle for KK^^""^ {Gq{X) ® A,B) is already 
determined by its restriction to A and Co(v'C)-linearity. We may describe the re- 
striction to A as the composition with p-^ (g) id^ : A = Co{Z) ®z A -^ Gq{X) ®z A. 
Since px is proper, the compactness conditions for a Kasparov cycle are the same for 
KK^'** {p'^{A),B) and KK^{A,B). Thus p^ induces an isomorphism as claimed. 
The formula for the inverse follows because 

[Px] ®Co(x) Px(") ®pi(B) [ms] = a (g) [px] <»p-^(B) [ms] = a 

for all a G KK^{A, B) - this formalises the naturality of [p'x]- D 

In the non-equivariant case and in Kasparov's notation. Proposition 15. II asserts 

^KK*(X; Co(X) ®z A, B) = MKK,{Z; A, B) 

where ^ is a Z-C*-algebra and B is an X-C*-algebra, provided X is proper over Z . 
For Z = -k and compact X, we get 

^KK*(X;C(X,A),S) ^KK4^,S). 

When we specialise Proposition 15.11 to the case where both algebras are pulled 
back from Z, we get 

RKK?(X;A,i3) ■.= KKi^'' {p*^{A),p\{B)) 

^KKi{A,p*x{B))=KKi{A,C^{X)®B). 
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Example 5.3. The coordinate projection X x [0, 1] — > X is proper. Proposition [HH] 
applied to this map and A and B pulled back from Z yields 

RKK^(X X [0,1]; A, B) =RKK^{X;A,C{[0,1])®B) =RKK^iX; A, B) 

because Kasparov theory is homotopy invariant in the second variable. This shows 
that X t-^ RKKJ(X; A, B) is a homotopy functor. 



Plugging Proposition 15. II into the definition of an abstract dual, we get: 

Corollary 5.4. Assume that X is proper over Z, let V be a Q-C* -algebra and let 
QeRKKi{X;l,P). Let A := [px](g>Co{x)iorSetx{e) eKK^{l,Co{X)(g,V). The 
pair {V, 0) is an n-dimensional Q-equivariant abstract dual for X if and only if the 
map 

PD: KKf (P ®A,B)-. KK^+„(^, Co(X) ® B), f ^ K®v f 

is an isomorphism for all Q-G* -algebras A and B. 

Such an isomorphism means that Cq{X) and V are Poincare dual objects of KK 
(see [51 [TUll5n] ). Recall how such duals arise: 

Theorem 5.5. Let A and A be objects of KK , let n E Z, and let 

Y eKK%{A(E)A,l), AeKK^(l,yl0i). 
The maps 

PD: KKf_^{A(g)C,D)~^KKf{C,A(g)D), / f-^ A Cg)^ /, 
PD* : KKf (C, A®D)^ KKf_„(i ® C, D), f ^ (-1)*"/ <»a V, 
are inverse to each other if and only if V and A satisfy the zigzag equations 
A(g,^Y^idA mKK^(A,^), 

A(8)aV= (-l)"id^ mKK^{A,A). 

Definition 5.6. If this is the case, then we call A and A Poincare dual, and we 
call V and A the fundamental class and the dual fundamental class of the duality. 

The zigzag equations are equivalent to 

PD(V)=idA, PD*(A)=id^. 
Therefore, 

V = ro*(idA), A = FD(id^) 

if we have a Poincare duality. In the situation of Corollary 15.41 we can compute 
the fundamental class in terms of the constructions in Section 14.11 

V = PD*(idc„(x)) = PD*(Ax) = TviAx) ®v D ^ [m] ®v D. 

Here we use that the isomorphism ()5.2p maps the diagonal restriction class Ax 
to idc^(x), Equation (|4.20p . and the definition of the multiplication class [m] 
ingHSl). 

Theorem 5.7. Let V be a G-C* -algebra, let n e Z, let Q e RKK^(X;1,P) and 
13 G RKK_„(Ar; 1, "P). Then{V,D,Q) is an n-dimensional Kasparov dual for X if 
and only ifCQ{X) and V are Poincare dual objects o/KK with fundamental class 

Y:=mv®vD zn KK^„(P ® Co(A:), 1) 

and dual fundamental class 

^■=Px®Co{x)Q mKKi{t,Go{X)®P), 
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where m-p G KKq(7-' (d Cq{X),'P) is the class of the multiplication homomorphism 
andpx- Co{Z) -^ Co(X) is induced bypx- 

Furthermore, if we identify RKKf (X; A, B) '^ KK^(A, Co{X) ® B) as in Propo- 
sition 15.11 then the duality isomorphisms PD and PD* in Theorem 14.61 agree with 
the duality isomorphisms PD and PD* in Theorem \ 



Proof. We claim that 

PD(/) = pi, ®Co(x) Q®vf in KKf+„(A, Co(X) ® B), 

PD*(pl, 0Co(X) g) = i-irTrig) ®v D in KKf_„(P® A^) 

for all / e KKf (P A,B), g e RKKf (X; A,B). The formula for PD(/) follows 
immediately from the definitions. To prove the formula for PD*, let g := P'x®Go{x)g 
in KKf (A, Cq{X) B). Proposition [Q implies 

3 = Px{g) ®p\(Ca(X)®B) mCo{X)(SB = P*x{g) «'Co(X)(»Co(X) Ax. 

Using T-p[Px{g)) = id-p g and T-p{Ax) = JTip, we compute 

Tv{g)®vD = T-p{p*xg)®v®Co(x)Tv{^x)®vD = g ®Co{x) m-p ^-pD = 5®Co(x)V. 

This yields the formula for PD* and establishes the claim. 

As a consequence of the claim, the duality maps in Theorcm l4.6l agree with those 
in Theorem 15.51 up to the isomorphism in Proposition 15.11 We know that Co(X) 
and V are Poincare dual with respect to V and A if and only if the maps PD and 
PD* are inverse to each other for all ^-C*-algebras A and B. By the claim, this 
is the case if and only if the maps PD and PD* in Theorem 14.61 are inverse to 
each other for all ^-C*-algebras A and B, which is equivalent to {V, D, Q) being a 
Kasparov dual for X. D 

In the situation of Theorem 15.71 it is easy to reformulate the zigzag equations 
in terms of 6 and D. Defining V = Tp(@) e KK^(P, P (g) P) as usual, the second 
zigzag equation is equivalent to V (8>p,i D = (—1)", where <^p^i means that D acts 
on the first copy of V in the target of V; this condition also appears in (|4.14p . The 
first zigzag equation is equivalent to PD(V) = Ax because the isomorphism in ()5.2p 
maps Ax to idcQ(x)- As a consequence: 

Corollary 5.8. In the situation of Theorem \5.7\ {V, D, Q) is a Kasparov dual 
for X if and only if V ®-p4 D = (-1)" in KK^(7', 1) and 9 ®-p [mp] ®p D = Ax 
mRKK^(A;Co(A),l). 

We can simplify Definition 14.11 here because any element of RKK^(A; yl,i?) is 
of the form p*x{f) ®Co(x) Ax for some / G KK^(A, Co (A) ®B). In gS]), we can 
easily get rid of the factor Pxif) because 

e ®x P*x{f) - ®p Tp{f) = e ® / = (-i)"7 ® e. 

Hence ()4.3p is equivalent to 9 ®x Ax — 9 ®p mp in RKK^(A; Co(A), P) because 
mp = T-p(Ax). But this simplification depends on px being proper. 

Proposition 5.9. Let A be a separable C* -algebra in the UCT class. Then A has 
a Poincare dual in RM. if and only ifK^(A) is finitely generated. 

Proof. Any C*-algebra in the UCT class is KK-equivalent to Co (A) for a locally 
finite, two-dimensional, countable simplicial complex X (see [4]) because any count- 
able Z/2-graded Abelian group arises as K*(A) for some such A. 

Assume first that K,(A) is finitely generated. Then this simplicial complex may 
be taken finite, so that A is KK-equivalent to C(A) for a finite simplicial complex A. 
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Such spaces admit a Kasparov dual (see [TT]), so that C{X) admits a Poincare dual 
in KR. So does A because A ~ C{X) in KA. 

Assume conversely that A has a Poincare dual A. Then the functor B h^ 
KK*(A, B) = K*(B(X) A) commutes with inductive limits of C*-algebras. Choose X 
with K*(X) = K,(A) as above and write X as an increasing union of finite subcom- 
plexes Xn- Let X° be the interior of Xn in X, then Co(X) = limCo(^^). Since 
KK,(A, ^) commutes with inductive limits, the KK-equivalcnce A -^ Co(^) factors 
through Co(X°) for some n £ N. Thus K,(A) is a quotient of K*(X°). Since the 
latter is finitely generated, so is K, (A). D 

Corollary 5.10. A compact space X has an abstract dual if and only ifK*{X) is 
finitely generated. 

Proof. A compact space X has an abstract dual if and only if C(X) has a Poincare 
dual in KK. Since G{X) automatically belongs to the UCT class, the assertion 
follows from Proposition 15.91 D 

6. The second duality 

The notion of duality in KK is reflexive, that is, if A is dual to A, then A 
is dual to A. This is because the tensor category KK is symmetric. Therefore, 
if p3f is proper and {P, 9) is an abstract dual for X, then we get another duality 
isomorphism of the form 

(6.1) KK^(Co(X) (E,C,D)= KK^+„(C,P ® D). 

Up to changing the order of the factors, the isomorphism (|6.ip is constructed from 
the fundamental class and dual fundamental class of the original duality. In the 
special case of a compact manifold with boundary acted upon by a compact group, 
(j6.ip is Kasparov's second Poincare duality [TTl Theorem 4.10]. We are going to 
extend this isomorphism to the case where X is not proper over Z. 

Let (V, D, O) be an n-dimensional Kasparov dual for X; we do not require px 
to be proper. Let A he a. Q t< X-C*-algebra and let _B be a Q-C* -algebra,. Then 
V ® B ^ V ®x V*x{B) is a (? K X-C*-algebra. The natural map 

(6.2) PD2: KKf^^(A,7^0i?) -^g^g^ KKUA,V®B) (-^)'"-^^^, KKf_„(A,i?) 

is called the second duality map associated to the Kasparov dual. 

Consider the case A — p3f (^0) for some CJ-C*-algebra ^o- Then (j6.2p becomes 
a map 

KKf^^(p3,(v4o),P®i3)-^KKt„(Co(X)®v4o,S). 

By Proposition 15.11 its domain agrees with KKf (Aq, V ®B) if p^ i^ proper. It can 
be checked that the map is indeed the inverse of the isomorphism in (|6.ip . Hence 
it is an isomorphism if X is proper over Z . But in general, the assumptions for 
a Kasparov dual do not imply (j6.2p to be an isomorphism, even for the case of 
trivial Q k X-algebras like A = p\{Aq). Theorem 16.41 below, which is similar to 
Theorem 14.421 provides a necessary and sufficient condition. 

Notation 6.3. In the following computations, we consider some tensor products 
of the form V ® A where both V and A are tJ-C* -algebras over X . Then V ® A \s 
a C/-C*-algebra over X x X , so that there are two ways to view it as a C*-algebra 
over X. We underline the tensor factor whose X-structure we use. Thus Co(-^) 
acts on 2 ® ^ by pointwise multiplication on the first tensor factor; we could also 
denote this by P (X) ioxgetx{A), but the latter notation is rather cumbersome. 
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Theorem 6.4. Let V and A he g k X-G* -algebras. Let 9 G RKK^(X;1,7') and 
D £ KK_„(7', 1) satisfy (|4.2p and (|4.5p (6ot/i are necessary conditions for Kasparov 
duals). The map PD2 in (j6.2p zs an isomorphism for all Q-C* -algebras B if and 
only if there is 



-^r®A 



such that the diagram 




(6.5) 


A 




A®V 

commutes in A^g - that is, after forgetting the X -.structure ~ and if for all Q-C*- 
algebras B and all a e KK^"^^ {A,V ® B), 

(6.6) QA®Aiorgetx{a)^<d®xa inKK^^^^ {A^V^V ® B). 

There is at most one element Qa with these properties, and if it exists then the 
inverse isomorphism to (|6.2p is the map 



PD^: KKf(yl,B)^KKf+^/(yl,-p®S), u^Qa^au. 

Proof. Assume first that O^ satisfies (|6.5p and (|6.6p . Define PDj as above and let 
/? G KKf (^, B). We compute 

PD2 o PD;(/3) = (-l)(^+")"forgetx(eA ®a P) ®v D 

= (-l)"forget_Y(eA) (^v D®aP^ forget^(e ®x id^) ®vD(^aP^ P, 

using the graded commutativity of exterior products, (|6.5|) . and (|4.2p . If a e 
KKf''^(^,P(g)B),then 

PD; o PD2(a) = (-l)"eA ®A forgetx(a) (g>v D = (-1)^9 (g)x a ®p D 

— a (g)jc 9 (g)-p D = a 

because of (|6.6p . graded commutativity of exterior products, and (|4.2p . Thus PD2 
and PD2 are inverse to each other as desired. 



Moreover, (|6.5p and (14. 2p imply 

(6.7) PD2(9a) := (-l)"forgetx(9A) ®p D = forget^^ (9 (g)^ idA) (E>v D = id^ 

By (|6.7p . if PD2 is an isomorphism then 9^ is the unique PD2-pre-image of the 
identity map on ioigetx{A). Naturality implies that PD^"'^ = PDj. It remains to 
check that 9a defined by (|6.7p satisfies (|6.5p and (|6.6p . 
To verify (|6.5p . we compute the PD2-imagc of 

Qa<S)xQ^ (-1)"9 ®x 9a G KKf„(A,£ P ® A) 
in two ways. On the one hand, 

PD2(9a ®x 9) := forget^ (9a ®x 9) (g)p D 

= forget^(9A) ®P Tp(9) ®v D ^ (-l)"forget^(9A) 

because forget;^ is functorial and 9a ^x 9 is the composition of 9a : A ^ V_(S) A 
and o'2®a(9) :2®^^2'Xi^'X''P;we also use (|4.5p . On the other hand, 

PD2(9 ®x 9a) := forget_Y(9 (»x 9a) «)p D 

= forget^ (9 ®x idA) (Sa forget^ (9a) (^v D = (-l)"forget^(9 ®x idA) 
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by (|6.7p . Since PD2 is injective, these two formulas imply (|6.5p . 

To check (HH), we let a € KK^^'^^ {A,V (E> B) and abbreviate a := forget^(a). 
We have a ®x © = (— 1)™0 ®x ol because the exterior product in Kasparov theory 
is graded commutative. Equation (|6.6p is equivalent to (— l)'"PD2(a ®x O) = a 
because 

PD2"i(a) := PD;(a) = 9^ ®a a, 

We can use av{&) G Y^yS^""^ {V ,V_®V) to rewrite 

a ®x O = a ®v o'-p(0)- 

Since forgetx(a'73(6)) = T-p(Q), the functoriahty of forget^ and (|4.5p yield 

(-l)"PD2(a ®x e) = (-l)"(-l)(''+")"forget^(a ®v ov^) ®v D 

^ (-l)"forget_Y(a) ®v 7>(B) (E)-p D = a. 

Hence 9^1 satisfies (|6.6p . D 

Remark 6.8. The two conditions in Thcorem l6.4l are related: we claim that the first 
condition already implies 

(6.9) forget ;f (9a ®a forgetx(a)) ^ (-l)'"forgetx(a ®x B) 

in KKf^^{A,V®r®B) for all g-C*-algebras B and aU a £ KKf^^ {A,r (Ei B). If 
the second Poincare duality map in ()6.2|) is an isomorphism, then the map forget js^ 
in (|6.9p is injective, so that (|6.9p already imphes 9^1 0a forget ^^ (a) = (— l)™a®x9. 
Hence the second condition in Theorem l6.4l is equivalent to the injectivity of iovgetx 
on suitable groups. All this is parallel to Remark 14.461 about the first Poincare 
duality. 

We check ()6.9p , abbreviating forget jf (a) — a. 

forget jf (9a ®a forget jf(a)) = 9a ®a a = (-1)"9 (g)x idA ®>A(»v flip ^a cF 

-1)"9 ®x idA ®A a ®v®v flip-p 



T)"9 ®x a (8)P8P flipp 



-l)"+™a ®x 9 ®p®p flipp 
-1)"+™S ®v Trie) ®v®v flipp 



-l)™acg)pT7:,(9) = (-I)"a0x9. 

If ^ = p3f (^0), then 9a lies in the Kasparov group 

KK^''^(AE®^)-KK?''''(Co(X)0Ao,E®Co(X)®Ao). 

The obvious Ansatz for 9a is 9p^(Ao) := 9 idAo for some 

9eKK^^^(Co(X),E®Co(X)). 

The latter group differs from KK^''-^(Co(X),7' ® Go{X)) that contains 9 - un- 
less X is proper over Z, in which case both groups agree with KK„ (l, P (g) Co(A")) 
and 9 and 9 correspond to the same element A in the latter group. Thus our two 
duality isomorphisms use slightly different ingredients unless px is proper. 

Definition 6.10. A symmetric Kasparov dual for a 5-space A" is a quadruple 
(■P, D, 9, 9) where P is a 5 k A:-C*-algebra, D E KK^„(7', 1), and 

9 e KKf^^^ilx^^^'EP) = RKK^(1,P), 9 e KK^''^{tx,P(E>lx) 
satisfy the following conditions: 

• 9 ®p £» = idi in RKK^(A:; 1, 1); 
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• Tp(e) ®p«p flipp = (-l)"T^(e) in KKliV.V® V); 

. forget^(e) = (-l)"forget;f(e) ®p»Co(x) Aip in KK^(lx, Ix ® P); 

• e 0x / = e ®p T-pif) in RKK?+„(X; A,^' (» S) for all g-C*-algebras A 
and B and all / G RKKf (X; A, B): 

• e ®Co(x) forget;^ (/) = e ®x / in KK?_^,f (X;p3,A,2 ® T' ® B) for all 
g-C*-algebras A and B and all / e KK^''-^(X;p3f A,?' ® B); 

Equivalently, (V, D, 8) is a Kasparov dual for X and 8 ® id^ satisfies the con- 
ditions of Theorem 16.41 with A — PxAq for all 5-C*-algebras Aq. Here we identify 
V <E)x Px^o — P <E) Aq. Thus a symmetric Kasparov dual provides both duality 
isomorphisms: 

KKf-''{p%,iA),p*AB))^KKf^jP®A,B), 

KKf^^(p3,(A),E®B)-KKf_„(Co(X)®AS) 

for all ^-C*-algebras A and B. 

The second duality isomorphism for X yields, in particular, an isomorphism 

KK^(Co(X),Co(r))9^KK^^^(Co(X),E®Co(r)) 

for another 5-space Y. UP ^ Co(T^) for a space V over X, then the right hand side 
is the ^-equivariant K-theory of y x y with X-compact support (see \l2i). Thus 
bivariant K-theory with commutative coefficients reduces to ordinary K-theory with 
support conditions under a duality assumption. 

Applications to the Baum-Connes conjecture require a variant of the second du- 
ality isomorphism with different support conditions, which we get as in Section l475l 
Let Ix denote the directed set of ^/-compact subsets of X, let A\y for a G ^ X-C*- 
algebra A denote the restriction to Y, and let Ryi ■ A\y -^ A\y' for Y CY' denote 
the restriction map. 

Theorem 6.11. Let P and A be G k X-C* -algebras. Let 8 G RKK^{X;t,P) 
and D £ KK_„('P,1) satisfy (|4.2p and (j4.5p . Then the map PD2 induces an 
isomorphism 

lim KKf""^ {A\y,P<E)B)^ lim KKf{A\Y,B) 
Yeix Yeix 

if and only if for each Y £ Ix there is Y' G Ix and 

QA\YeKKl'^''{A\Y',P®A\Y) 



such that the diagram 



A 

B®xA\yi 



■P®A\y' 

(-l)"flip 



A\y' ® P ^-^ A\y ® P 

commutes in ^M.g - that is, after forgetting the X -structure - and for all Q-C* - 
algebras B and alia G K'K^''^ {A\y ,P ® B), 

Qa\y ®aw forgetx(a) = (i?yO*(0 ®x a) m Y^Y.^^^ {A\y • ,P® P ® B). 
The proof of Theorem 16.111 is literally the same as for Theorem 16.41 

Theorem 6.12. Under the assumptions of Theorem 16.111 there are natural iso- 
morphisms 

lim KKf(Co(r),B)=K,+„(eK(7'®B)) 
Yeix 
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for all Q-C* -algebras B. If X is a proper Q-space, then the following diagram 
commutes: 

limKK?(Co(r), B) ^^ K,+„(g k {V ® B)) 

Indcxg 

K,(gxB) 

Here Indexg denotes the equivariant index map that appears in the Baum-Connes 
assembly map. 

Proof. The isomorphism follows by combining Theorems l6.lll and l4.48l It is routine 
but tedious to check that the diagram commutes. D 

Theorem 16.121 corrects [31] Proposition 5.13], which ignores the distinction be- 
tween KK^^^ (Co (X),Co(X)<» ^) andKKf^^(Co(X),Co(X)(g)£). 

In practice, we get 0yi|y from Qa by restricting to Y in the target variable. 
This only yields 8^1^ e KK^'^^(A,£ (g. A|y). We need that 9^ is sufficiently 
local for this restriction to factor through the restriction map A -^ A\y' for some 
^-compact subset Y' , and we need that the conditions for duality can be checked 
locally as well, so that they hold for these factorisations. The classes &a\y needed 
for Theorem 14.501 can be constructed in a similar way by factoring O^i. 

Definition 6.13. A symmetric dual is called local if such factorisations exist for 8 
and 8 and if these satisfy the appropriate conditions for the duality isomorphisms 
in Theorems 14.501 and 16.111 

Thus in the situation of a local symmetric dual, we also get natural isomorphisms 

lim KK'^''^{CQ{Y)®A,p*x{B))9i lim KK^(P|y O A,B), 
Yetx Yeix 

lim KK^'^^ {G^{Y) ® A,r ® B) ^ lim KKi{Co{Y) ® A,B). 

Yelx Yl^Ix 

Assume now that AT is a universal proper 5-space. Then Corollarv l4.37l interprets 
the functor A t-^ P ^ A as the localisation functor for the subcategory CC of all 
objects A with p'^g{A) — 0. Hence A i-^ K*_|.„(t/ k {V ^ A)) is the localisation of 
K*(5 K A) at the subcategory CC. And Theorem 16.121 identifies the Baum-Connes 
assembly map with the canonical map from this localisation toK^iQxA). Moreover, 
Theorem l4 .341 shows that D induces an isomorphism K*+„ (Q tx (T'®^!)) = K* (5 k A) 
if A is a proper CJ-C*-algebra. As a result: 

Theorem 6.14. The Baum-Connes assembly map is an isomorphism for proper 
coefficient algebras provided £Q has a local symmetric Kasparov dual. 

Finally, let us discuss the difference between the groups 

KK^^^(Co(A),Co(A)®7') and KK^^^(Co(A), Co(A) ® £) 



that contain 6 and 8. We use the same notation as in the end of Section 14.51 
Cycles for both groups consist of a Hilbert module £ over Co (A) ®V and a norm- 
continuous ^-equivariant family of Fredholm operators Fir^^_^^\. In addition, for 
a cycle for KK„ (Co(A),Co(A) ® V), the first coordinate projection must be 

proper on S^ for all £ > 0; for a cycle for KK^'^^(Co(A), Co(A) (E)V), the second 
coordinate projection must be proper on S^ for all £ > 0. 

In concrete constructions, it often happens that both coordinate projections on 
the support of 8 are proper, and then we may use the same pair {£, F) (up to a 
sign (—1)") to define 8. Moreover, the factorisations needed for a local symmetric 
Kasparov dual exist in this case. 
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7. Duals for bundles of smooth manifolds 

We construct local symmetric Kasparov duals for a bundle of smooth manifolds 
with boundary and establish first and second Poincare duality isomorphisms with 
coefficients in bundles of C*-algebras that are locally trivial in a sufficiently strong 
sense. This generalises results in p [T71[5^ . 

There are several equivalent duals that are related by Thom isomorphisms. When 
dealing with a single smooth manifold, Gennadi Kasparov |f7j formulates duality 
using Cliford algebra bundles. The Clifford algebra bundle may be replaced by 
the tangent bundle. If the manifold is K-oriented, then it is self-dual. In [l4] . 
another dual involving a stable normal bundle appears naturally. The latter has 
the advantage of working for all cohomology theories. Already in real K-theory, 
we meet a problem with the tangent space duality because we have to equip the 
tangent space with a non-trivial "real" structure for things to work out. The three 
duals indicated above are clearly equivalent because of Thom isomorphisms, so that 
it suffices to establish duality for one of them. But it is useful for applications to 
describe the classes D, Q and Q explicitly in each case. 

Before we come to that, we first explain the notion of a bundle of smooth man- 
ifolds that we use and the assumptions we impose. Then we describe different 
duals for a bundle of smooth manifolds with boundary and state the duality results. 
Finally, we prove the duality isomorphisms for strongly locally trivial coefficients. 

7.1. Bundles of smooth manifolds. We do not require the base spaces of our 
bundles to be manifolds and only require smoothness of the action along the fibres, 
but we require the action to be proper. First we explain why we choose this par- 
ticular setup. Then we define bundles of smooth manifolds and smooth groupoid 
actions on them and construct nice fibrewise Riemannian metrics. The latter will 
be needed to construct the duality. 

The properness assumption avoids certain rather severe analytical difficulties. 
The most obvious of these is the absence of ^-invariant metrics on various vec- 
tor bundles like the tangent bundle. This has the effect that adjoints of natural 
^-invariant differential operators such as the vertical de Rham differential fail to be 
^-invariant. If we wanted to prove the Baum-Connes Conjecture for some groupoid, 
we would have to overcome exactly such difficulties. Here we use the Baum-Connes 
Conjecture or, more precisely, the Dirac dual Dirac method, in order to avoid these 
difficulties and replace non-proper actions by proper ones. 

The trick is as follows. Let Q he & groupoid and let X be a Q-space. Let £Q 
be a universal proper Q-space. Then we study the proper Q k EQ-sp&ce X x SQ 
instead of the Q-space X. Note that the groupoid Q k £Q is itself proper, whence 
all its actions are automatically proper. For topological computations, replacing Q 
hy G K £Q often yields the same results by Theorem 14.341 which asserts that 

(7.1) p}g:KK^AAB)^RKK^ASO;AB) 

is invertible once A is KK -equivalent to a proper Q-C* -algebra. The map (|7.ip is 
the analogue of the Baum-Connes assembly map for KK^(^, B) by Corollarv l4.37l 
The invertibility of (|7.ip is closely related to the dual Dirac method. It is auto- 
matic if G acts properly on A. The existence of a dual Dirac morphism is equivalent 
to p'^g being invertible for all proper coefficient algebras B. The map p'^g is invert- 
ible for arbitrary A and B if and only if G has a dual Dirac morphism with 7 = 1. 
For instance, this happens if G is an amenable groupoid, or just acts amenably on A. 
If there is a dual Dirac morphism, then the map p^g is split surjective, and its ker- 
nel is the kernel of the 7-element 7 G KKq(1,1), which is notoriously difficult to 
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compute. Thus we may view KKK^{£Q;A,B) as the topologicahy accessible part 
ofKK^(AS). 

Even if T is the fundamental group of a smooth manifold Af , the universal proper 
F-space £T need not have the homotopy type of a smooth manifold. Hence the trick 
above requires that we replace a smooth manifold M by a bundle £T x M of smooth 
manifolds over an arbitrary base space ST. Fortunately, we only need smoothness 
along the fibres, and the properness of the action on £T x M is worth giving up 
smoothness along the base. 

Let Z be a locally compact space and let p: X -^ Z he a space over Z. We 
want to define what it means for X to be a bundle of smooth manifolds over Z. We 
require an open covering of X by chart neighbourhoods that are homeomorphic to 
U X M" with U open in Z, such that p becomes the projection to the first coordinate 
on [/ X R". We also require that the change of coordinate maps on intersections of 
chart neighbourhoods are smooth in the M"-direction. 

Example 7.2. Let X and Z be smooth manifolds and let tt : X —> Z he a submersion. 
Then X is a bundle of smooth manifolds over Z. 

More generally, we consider bundles of smooth manifolds with boundary. These 
are defined similarly, allowing U x W"'^^ x [0,oo) instead of [/ x M" in the local 
charts. 

Given two bundles X and Y of smooth manifolds with boundary over Z and a 
continuous map f : X ^ Y over Z, we call / fibrewise smooth or C '°° if derivatives 
of arbitrary order in the R"~^ x [0, oo)-direction of the maps Ui x R"^^ x [0, oo) -^ 
U2 X R"^^ X [0, 00) that we get from / by restriction to chart neighbourhoods are 
continuous functions. 

Remark 7.3. li p is proper, that is, the fibres of p are compact, then any such bundle 
of smooth manifolds is locally trivial (via local homeomorphisms that restrict to 
diffeomorphisms on the fibres). We sketch the proof. Fix z E Z, let M := p^^{z) 
be the fibre. This is a smooth manifold by assumption. For any x G p^^(z), there 
is a chart neighbourhood Ux Q X oi x that is identified with p{Ux) x M". Since p 
is proper, finitely many such chart neighbourhoods {Ui) cover a neighbourhood of 
the fibre M . Shrinking them, if necessary, we may assume that they all involve the 
same open subset V ~ p{Ux) ^ z, so that our chart neighbourhoods cover p~^{V). 
The charts provide local retractions ri : Ui ^ Ui D M. In order to patch these 
local retractions together, we choose a fibrewise smooth partition of unity (t^) sub- 
ordinate to our covering and embed M into R^ for some N eN. We get a fibrewise 
smooth map 

i 

which maps the fibre M — p^^{z) identically to M C R^. Shrinking V, if neces- 
sary, we can achieve that h{V) is contained in a tubular neighbourhood _E of M 
in M^, so that we can compose h with a smooth retraction E -^ M. This yields a 
fibrewise smooth retraction r: p^^{V) -^ M. Since smooth maps that are close to 
diffeomorphisms are still diffeomorphisms, r restricts to a diffeomorphism on the 
fibres p~^{z') for z' in some neighbourhood of z. On this smaller neighbourhood, 
r X p: p~^{V) ~> M X V trivialises our bundle. 

There is a well-defined vector bundle TX on X - called vertical tangent bundle - 
that consists of the tangent spaces in the fibre directions. This bundle and the bun- 
dles of fibrewise differential forms derived from it are bundles of smooth manifolds 
over Z, so that we may speak of C '""-sections. A fibrewise Riemannian metric 
on X is a C"'°°-section of the bundle of positive definite bilinear forms on IX. 
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li p: X -^ Z has a structure of smooth manifold over Z and f : Z' ^ Z is a, 
continuous map, then 

rip) ■■= I xzp: nX) := Z'xzX^ Z' 
inherits a structure of smooth manifold over Z' . 

Definition 7.4. If 5 is a groupoid with base space Z, then a continuous action 
of 5 on X is called (fibrewise) smooth if the map s*{X) -^ r*{X) that describes 
the action is fibrewise smooth. 

Example 7.5. Let Q he a, Lie groupoid. The range map r: Q ^ Z gives X := Q 
the structure of a smooth bundle of manifolds over Z with a smooth action of Q by 
translations. 

Let X be a bundle of smooth manifolds with boundary over Z and let Q act on 
it smoothly and properly. We are going to construct a Kasparov dual for X. 

First we construct a collar neighbourhood near the boundary dX of X. The 
boundary dX is a bundle of smooth manifolds over Z with a smooth action of Q. 

Lemma 7.6. The embedding dX -^ X extends to a Q-equivariant C '°°-diffeo- 
morphism, from dX x [0, 1) onto an open neighbourhood of dX in X. 

Proof. Each x E dX has a neighbourhood in X that is diffeomorphic to [/ x M"^^ x 
[0, 1) with U C Z open, such that x corresponds to a point in [/ x M"^^ x {0}. 
We transport the inward pointing normal vector field d/dtn on U x R"~^ x [0, 1) 
to a locally defined vector field along the fibres of X. Patching them together 
via a C°'°°-partition of unity, we get a C°'°°-vector field S,: X ^ TX such that 
£,{x) € TxX points inward for all x € dX. Averaging over the C^-action, we can 
arrange for this vector field to be 0*^'°° and tj-equivariant as well because Q acts 
properly and has a Haar system. 

Let 'i : X X [0, oo) ^ X be the flow associated to this vector field. Then 

dX x[0,l)^ X, (x,t)^^{x,g(x)-t) 

for a suitable ^-invariant C '""-function g: X ^ (0, oo) will be a 5-equivariant 
diffeomorphism onto a neighbourhood of dX because ^ is a diffeomorphism near 

dx X {0}. n 

Using this equivariant collar neighbourhood, we embed X in a bundle of smooth 
manifolds without boundary 

X° := X Ugxxlas) dX x (-oo, 1) = X U 9X x (-oo, 0). 

Of course, X° is diffeomorphic to the interior X \ dX of X , but we prefer to view 
it as an enlargement of X by the collar dX x (— oo,0). There is a continuous 
tj-equivariant retraction 

(7.7) r:X°^X 

that maps points in dX x (— oo, 0] to their first coordinate. Clearly, this is even a 
deformation retraction via rt(a;, s) := (a;,ts) for t e [0, 1], x G dX, s G (0, oo) and 
rt{x) := X for x G X. 

Remark 7.8. Since r is a C^-homotopy equivalence, r* : y{^Mg{X) -^ y\K^{X°) is 
an equivalence of categories. Therefore, an abstract dual for X is the same as an 
abstract dual for X° . This explains why the presence of a boundary creates no 
problems for the first Poincare duality isomorphism. We must, however, take the 
boundary into account for the second Poincare duality isomorphism because the 
forgetful functors on y\MRg{X) and y\MRg{X°) are not equivalent: they involve 
Co(X) and Co(X°), and these are not homotopy equivalent because r is not proper. 
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Lemma 7.9. There is a Q-invariant Riemannian metric on X° that is of product 
type in a neighbourhood of the collar and that is complete in the following sense. 
Equip each fibre of p: X° -^ Z with the distance function associated to the Rie- 
mannian metric. For each R G IR>o and each compact subset K C X° , the set of 
X G X° that have distance at most R from, a point in K is compact. 

Proof. Let Ui :~ dX x (—00, 1) and U2 '■— X\ dX x [0, 1/2). There is a fibrewise 
smooth, ^/-invariant partition of unity ((^1, (^2) subordinate to this covering. 

Now choose any Riemannian metric on dX. Since Q acts properly, we can make 
this metric ^/-invariant by averaging with respect to the Haar system of Q. We 
equip Ui = dX x (—00, 1) with the product metric. Similarly, we get a ^/-invariant 
Riemannian metric on U2. We patch these metrics together with the partition of 
unity {ipi,ip2). This produces a CJ-invariant Riemannian metric on X° that is of 
product type on the collar neighbourhood dX x (— cxd, 1/2). But it need not yet be 
complete. 

To achieve a complete metric, we use a fibrewise smooth ^/-invariant function 
fo: X ^ K>o that induces a proper map Q\X -^ K>o. Let tti : C/i -^ dX and 
1T2' Ui —>■ (—00, 1) be the coordinate projections. We define a fibrewise smooth 
^-invariant function / = (/i, /2, /a) : X° -^ R>q x (-00, 1) by 

/l(x) :== ipi{x)fo(TTl{x)), f2{x) := lfi2{x)fo{x), fsix) := lfil{x)TT2{x). 

Clearly, / induces a proper function on Q\X°. Embed X° into X° x K?.q via 
(id, /i, 72) and replace our metric by the subspace metric from X° x M?,q. This is 
still a ^-invariant Riemannian metric of product type on dX x (—00, 1/2) because 
/i and /2 are constant there. We claim that this new metric is complete. 
Our construction of the new metric ensures that 

d(xi,X2) > \fl{xi) - fl(x2)\, d{xi,X2) > \f2{xi) - f2{x2)\ 

for all xi, a;2 in the same fibre of X°. We also get 

d{xi,X2) > Lfsixi) - f3{x2)\ 

because this already holds for the old metric - recall that it is of product type on 
the collar. Since / becomes proper on Q\X°, this estimate shows that the closed 
fibrewise i?-neighbourhood Bii(K) of a compact subset K C X° is ^-compact, 
where R e M>o is arbitrary. 

We must show that Bji(K) is compact, not just ^-compact. Let 

Y:={xeX°\d{f{x),f{K))<R}. 

Any point of Bii{K) is connected to one in ii' by a path of length R; this path must 
lie in Y by the above estimates. 

The subset Y is ^-invariant and ^-compact because / is tj-invariant and becomes 
proper on Q\X°. Hence there is a compact subset L C Y with Q ■ L = Y. We 
may assume K C L. Let M be a compact neighbourhood of L in Y. Thus there is 
£ > with Bs{K) r\Y CM. Let H be the set of all g e G^'^^ for which there exists 
X C L with g ■ X £ M . This subset is compact because Q acts properly on X. Since 
g ■ L = Y D M , we get M = H ■ L. 

Choose N <E N with Ne > R. For any x G Bji{K)^ there is a path of length 
Ne in the fibre of x that connects x to a point in K . This path must be contained 
in Y . Thus we get a chain of points xq, . . . , xjq G Y that belong to the fibre of x 
and satisfy xq G K, xjq = x, and (i(xj, x^+i) < e. We want to prove by induction 
that Xj G H^ ■ L. This is clear for xq G H^ ■ K = K C L. Suppose Xj G H^ ■ L 
has been established, write Xj = g ■ x' with g G -ff-*, x' G L. Since all points Xi lie 
in the same fibre and the metric is ^-invariant, we have d{g^^Xj^i, g^^Xj) < e as 
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well, SO that g~^Xj+i £ B^{L) C AI = H ■ L. As a consequence, g~^Xj+i — g' ■ x" 

for some g' £ H, x" G L. Thus Xj+i = g ■ g' ■ x" € H^ ■ H ■ L = H^+^ ■ L as claimed. 

Our inductive argument yields Bji{K) C H^ ■ L. Since the right hand side is 

compact, so is Bb{K). Thus the metric on Y is complete as asserted. D 

7.2. Construction of the duality. Let X be a bundle of smooth manifolds with 
a fibrewise smooth proper ^-action as above. We construct duals for X using 
the following additional data: a t/-equivariant vector bundle V over X° and a 
^-equivariant spinor bundle S for the vector bundle V := V ® TX°. Since X is 
a deformation retract oi X° , such vector bundles are determined uniquely up to 
isomorphism by their restrictions to X. 

We have three main examples in mind. First, if X° is K-oriented, then we 
are given a spinor bundle S for TX° itself, so that we may take V to be the 
trivial 0-dimensional vector bundle with total space X° . Secondly, we may take 

V := TX° and use the canonical complex spinor bundle S := Ac(TX°) associated 
to the complex structure on TA° © TX°. Thirdly, we may let V be the normal 
bundle of an embedding of X° into the total space of a K-oriented vector bundle 
over Z as in [14 . 

The underlying C*-algebra of our dual is simply V :~ Co(V^), where we also 
write V for the total space of the vector bundle V. Thus we get Co(A°) and 
Co(TA°) in the first two examples above. We view T^ as a space over X by com- 
bining the bundle projection V -^ X° and the retraction r: X° -^ X; this turns V 
into a C*-algebra over X. The given action of C^ on X^ turns V into a t/-C*-algebra. 

Remark 7.10. In the real case, we cannot use the tangent dual because the complex 
structure on TX° ® TX° only produces a complex spinor bundle, which is not 
enough for a Thom isomorphism in KO-theory. In "real" K-theory, we may let 

V := TX° with the "real" structure (x,^) ^ {x.,-0 for aU x e X°, ^ e TxX°. 
The complex spinor bundle S :— Ac(TA°) has a canonical "real" structure, and 
provides a spinor bundle in the appropriate sense. Thus the dual for X in "real" 
KK-thcory is the "real" C*-algebra Co(TX°,C) with the involution 



/(x,C) := fix, -0 for xeX°,(e T,A°, f:TX°^ C. 

With this "real" C*-algebra, everything works exactly as in the complex case. In 
the real case, we may let V be the real subalgebra {/ G Co(TX°,C) | / = /}. 

The ingredients D and & of the Kasparov dual are easy to describe as wrong-way 
maps. These are constructed in [7], but only in the non-equivariant case and for 
maps between smooth manifolds. The generalisation to t/-equi variant C°'°°-maps 
with appropriate K-orientation is straightforward. We give a few more details 
about this because we need them, anyway, to verify the conditions for the duality 
isomorphisms. 

The total space of T^ is a bundle of smooth manifolds over Z. Its vertical tangent 
bundle is isomorphic to the pull-back of the (?-equivariant vector bundle V' = V (B 
TX° on X°. Hence the projection map pv ■ V ^ Z is (t/-equivariantly) K-oriented 
by S. We let 

D := (pv)^, eKK^{Go{V),C„{Z)). 

Here we treat pv as if it were a K-oriented submersion, that is, (j)v)\ is the KK-class 
of the family of Dirac operators along the fibres of py with coefficients in the spinor 
bundle S. The completeness of the Riemannian metric established in Lemma 17.91 
ensures that this family of elliptic differential operators is essentially self-adjoint 
and thus defines a Kasparov cycle (compare PT) Lemma 4.2]). Since the family 
of Dirac operators is t/-equi variant, we get a class in KK^(Co(l^), 1) as needed. 
Alternatively, we may use symbols as in ^ to avoid unbounded operators. Either 
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way, neither the lack of smoothness of Z nor the additional f/-equivariance pose 
problems for the construction of D. 

If X° is K-oriented and V = X^ then D is just the family of Dirac operators 
along the fibres oiX° — > Z. \iV = TX° and S is attached to the canonical complex 
structure on V = TcX°, then D is the family of Dolbeault operators along the 
fibres of Tc^*^" - recall that the Dolbeault operator on an almost complex manifold 
is equal to the Dirac operator for the associated K-orientation. 

Let 6 be the map 

6: X ^X XzV, x^{x,{x,0)). 

That is, we combine the diagonal embedding X ^ X Xz X C X Xz X° and the 
zero section of V. We are going to construct a corresponding Q x X-equivariant 
Kasparov cycle 9 := 6\ in KK^''^(Co(X), Co(X Xz V)). Here we treat S like a 
smooth immersion, so that our main task is to describe a tubular neighbourhood 
for 6. Such constructions are also carried out in [T3]. Later proofs will use the 
following detailed description of S. 

There is a fibrewise smooth tj-invariant function g: X° —>■ (0, 1) such that the 
(fibrewise) exponential function exp^ : T^X" -^ X° restricts to a diffeomorphism 
from the ball of radius g{x) in TxX° onto a neighbourhood of x inside its fibre. 
Let TX be the restriction of TX° to a vector bundle on X C X° . Then the map 

i:TX^XxzX°, (x,C)^(x,exp,(e')) 



with ^' := ^ • £'(a;)/-\/||CP + 1 is a C*''°°-diffeomorphism from the total space of TX 
onto an open neighbourhood oi X in X Xz X°. 

We want to construct a corresponding Q k X-equivariant C '°°-diffeomorphism 

5:V'\x^X XzV, 

where V' := TX° © V and where we view the right hand side as a space over X 
by the first coordinate projection. To construct S, we fix a ^-equivariant fibrewise 
connection on the vector bundle V. This provides a parallel transport for vectors 
in y, that is, a ^-equivariant map 

with Tx,^{ri) e V^xp (5) for ^ £ T^-X", rj ^ Vx- In the examples V = X° or 
V = TX°, this parallel transport is easy to describe: it is constant for the trivial 
vector bundle X° over X°, and the differential of the exponential map on TX°. 
Finally, the formula for S is 

Six,^,T]) :- {x,e^pJC),rx,i'M) for all a: G X, ^ £ T,X°, tj e V, 



with ^' := ^ • £>(a;)/-\/||^|p + 1 as above. It is easy to check that this is a G x X- 
equivariant C°'°°-diffeomorphism onto a C^-invariant open subset U oi X Xz V. 

The resulting class 6 := ^i e KK^''^(Co(X), Co(X Xz V)) is obtained by 
composing the Thom isomorphism for the K-orientation S\x on V'\x with the 
Q X X-equivariant ideal inclusion Co{V'\x) -^ Co(-'f ^-zV) associated to the open 
embedding S (extend functions by outside U) . More explicitly, we pull the spinor 
bundle S back to a Hermitian vector bundle Sjj on U. The underlying Hilbert 
module of Q is the space of all Co-sections of Su , with the pointwise multiplication 
by functions in Co(X Xz V) and the pointwise inner product, the canonical action 
of G, and the action of Co(X) by pointwise multiplication via the first coordinate 
projection: 

/i •/2(a;i,(x2,77)) := fi{xi) ■ f2{xi,{x2,v)) 
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for /i G Co(X), /2 e Co(t/,5t/) C Co(X xz TX°,5t/), xi e X, X2 G X°, and 
£, G T42 • The essentially unitary operator for our Kasparov cycle is given by Cliford 
multiplication with ^/^l + ||^|P at 6{x, ^) G U, where x e X and ^ G V^. 
To get a symmetric Kasparov dual, we also need 

eGKKf^^(Co(X),Co(X)®£), 

where the underlined factor is the one whose X-structure we use. We get Q from Q 
by changing the action of Co(X) to 

/l ■ f2{xi,{x2,0) '■= fl{r{x2)) ■ f2{xi,{x2,£,)), 

where r: X° ^ X is the retraction described above, and leaving everything else 
as before; the new representation of Co(X) is X-linear for the X-structurc on the 
second tensor factor Co(TX°). 

Theorem 7.11. Let X be a bundle of smooth n-dimensional manifolds with bound- 
ary over Z with a fibrewise smooth Q -action, let V be a Q-equivariant vector bundle 
over X° of dimension k, and let S be a Q-equivariant ¥^- orientation {complex spinor 
bundle) for the vector bundle TX°©y over X° . Let V '■= Co(V^) and let D = {pv)\, 
O = 5\, and Q as described above. Then {V,D,Q,Q) is a —{k + n)- dimensional 
local symmetric Kasparov dual for X. Hence there are natural isomorphisms 



KKf ^(p3,(A),p3,(i3)) = KK?+fe+„(Co(V^) ® Ai?), 
for all Q-C* -algebras A and B and 



KK^:f+„(Px(^), Co(y) ®B)= KK^(Co(X) ® A, B) 



K,+k+n{Q K Co(F,B)) ^ lim KK^(Co(r),B) 

Y&Ix 

for all Q-Q* -algebras B. 

In particular, we may take here V — X° if X is K-oriented in the sense that the 
vector bundle TX° over X° is K-oriented, and we may always take V = TX° (with 
an appropriate "real" structure in the "real" case, see Remark l7.10|) . 

Corollary 7.12. Let Q be a locally compact groupoid with object space Z , let X be 
a proper Q-space, and let Y be any Q-space. Suppose that X is a bundle of smooth 
manifolds with Q acting fibrewise smoothly. Then there is a natural isomorphism 

KK^(Co(X), Co(y)) - KK^^^(Co(X), Co(F Xz Y)) =: RKJ^;,(T/ x^ Y), 

where the last group is the Q-equivariant K-theory of V Xz Y with X -compact 
support. 

Proof. Put A — 1 and B — Co(l^) in Theorem 17.111 and use the second Poincare 
duality to get the first isomorphism. The right hand side is exactly the definition 
of the t/-equivariant K-theory with X-compact support in [12j . D 

The equivariant K-theory groups that appear in Corollary 17.121 are discussed in 
detail in [12J. CoroUarv 17.121 is used in [14] to describe suitable Kasparov groups 
by geometric cycles as in [Ij. Theorem 17.111 will be proved in Section [7^ together 
with a generalisation to non-trivial bundles A over X. Some situations involving 
foHation groupoids are discussed in Section [731 
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7.3. Duality for strongly locally trivial bundles. Wc define a class of G ix X- 
C* -algebras for which we establish first and second Poincarc duality isomorphisms, 
extending results in [9j in two aspects: we allow bundles of smooth manifolds with 
boundary instead of smooth manifolds. 

For the purposes of the following definition, we replace 5: X -^ X y.V hy the 
diagonal embedding 6' : X ^> X y.z X . Let U' ^ X Xz X he the image of U 
under the projection X ~KzV -^ X y^z X. Let tt'^ : U' —^ X and TTa : C/' — > X be 
the coordinate projections. Let p^ : U ^ U' he the canonical projection, then 
^i °Pu' ^'^J fo'^ J = 1'2. 

Definition 7.13. AQ k X-C*-algebra A is called strongly locally trivial if {tti)*{A) 
and {n2)*{A) are isomorphic as Cy k [/'-C*-algebras via some isomorphism 

a':K)*(A)^(7r^r(A) in Ca.c/', 
whose restriction to the diagonal X C [/' is the identity map on A. 

What this definition provides is a t/-equivariant local parallel transport on the 
bundle A. Not surprisingly, this exists provided A is a smooth bundle with a suitable 
connection (see |5j, strongly locally trivial bundles are called feasible there). On 
finite-dimensional vector bundles, the connection between local parallel transport 
and connections is discussed in [T^. 

It can be shown that a' is unique up to homotopy if it exists, using that the 
coordinate projections on U' are homotopy equivalences U' ^ X. By the way, the 
following constructions still work if the isomorphism a' only exists in ^^g ^ w . 

Example 7.14. If A = Co(X, Aq) = P*x{Aq) for some ^-C*-algebra Aq, that is, A is 
trivial along the fibres oi X -^ Z, then A is strongly locally trivial because 

W)*(A) - {px7r[nAo) = (pu'TiAo) = (pxTr'^riAo) = {n'^TiA). 

Here pu> = Pxt^i — Px'^2 '■ U' ^ Z is the canonical projection. 

Let A he a. strongly locally trivial Q k X-C*-algebra. We have decorated every- 
thing in Definition 17.131 with primes because we will mainly use the corresponding 
isomorphisms on U henceforth: we can pull back the isomorphism a' over U' to an 
isomorphism 

a := (pg' )*(«'): <{A) ^ 7r*(^) in C^.a viap^'. 

Conversely, since p^ is a retraction, the isomorphism a forces a' to exist. 

Notation 7.15. In the following computations, it is important to remember whether 
we view [/ as a space over X via tti or 7r2. We write Ut^ and UTr2 for the corre- 
sponding spaces over X. Similarly for U' . 

Definition 7.16. Let i) e KK'^^^ {Co{X),Cq{U^,)) he the composite of the 
class of the Thom isomorphism in KK^_|_;,(Co(^), Co(V^')) with the isomorphism 
Co(V") — Co(f/-n-i) from the tubular neighbourhood; we choose the tubular neigh- 
bourhood as in the construction of 8, so that this isomorphism is X-linear if U is 
viewed as a space over X via tti : U ^ X. Let t? e KK^^^(Co(-'£^), Co(C/7r2)) be the 
variant where we change the action of Co(X) so as to get a cycle that is X-linear 
if U is viewed as a space over X via tt2, as in the construction of Q. 

By construction, we get Q and Q out of •& and "d by composing with the class of 
the embedding Co{U) -^ Co{X Xz V). To get the K-oriented classes 9^ and Qa 
we also bring in the isomorphism a: 7rJ(A) -^ 7r2(^) over U as follows. 
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Definition 7.17. Let 8^ £ KK^^^ {A, p*^{'P ®x A)) be the composition 

A - Co(X) ®x A ^^^^^^ Co(C/.J ®x A - nUA) ^ n;iA) ^ p*xiCoiV) ^x A). 
Let e^ e KK^l^{A,A®P) = KK^^f (A,2® A) be the composition 

A ^ Co(X) ®x A ^!^ii^ Co(C/.,) ®x ^ = ^2*(^) ^ <(^) ^ ^(^Z- 

Theorem 7.18. Let X —^ Z be a bundle of smooth manifolds with boundary and 
let A be a strongly locally trivial Q k X-C* -algebra. Then we get Poincare duality 
isomorphisms of the first and second kind: 

KK^^^(A, Co(X) ® B) = KKf (Co(F) <E>x A, B), 

KK?^^(A, Co{V) ®B)= KK^(A, B) 

for all Q-C* -algebras B. The maps are as described in Theorems 14.421 and 16.41 
If Ix denotes the directed set of Q-compact subsets of X , then we get isomorphisms 

Inn KKj'^^(A|y,Co(X)®B)- l_im KK?(Co(F) ®x A|y, 5), 

lim KK?^^(A|y,Co(l^)®S)- lim KK?(A|y,S). 
Yeix Yeix 

In particular, we may take here V — TX° with the canonical K-orientation from 
the almost complex structure on TX° © TX°, or we may take V — X° if X is 
K-oriented. In the latter case, we get duality isomorphisms 

KK?^^(A, Co(X) ® B) - KKJ(Co(X°) ®x A, B), 

KK^""^ {A,Cn{X°) ® B) 9^KK^{A,B). 

To make this more concrete, consider the special case where A = Ix = Co(X) 
and B ~ t — Co{Z) and use the definitions in [12]. The first duality isomorphisms 
identify the equivariant representable K-theory of X, 

RK^(X) :=KK?^^(Co(X),Co(X)), 

with the equivariant locally finite K-homology of V, 

K^''f(F):=KK?(Co(V^),Co(Z)), 

and the K-theory 

KS(X)- hm KK?^^(Co(r),Co(X)) 
Yeix 

withlim^^^^KK?(Co(F|y),Co(Z)). 

The second duality isomorphisms identify the equivariant representable K-theory 
of V with X-compact support, 

RKa,x(^) :=KKf ^(Co(X),Co(T^)), 
with the equivariant locally finite K-homology of X, 

kP(X):-KK?(Co(X),Co(Z)), 
and the equivariant K-theory Kg{V) with the equivariant K-homology of X, 

K^{X):= lim KKf{Co{Y),Co{Z)). 
Yeix 
If we also drop the groupoid actions, we recover well-known classical constructions. 
An important special case of C* -algebra bundles over X are continuous trace 
C*-algebras. The question when they are strongly locally trivial is already dis- 
cussed in [S]. This is automatic in the non-equivariant case, but requires a mild 



46 HEATH EMERSON AND RALF MEYER 

condition about the group actions in general. Assuming strong local triviality, we 
may decorate the statements above by such twists. 

The strongly locally trivial C*-algebras over X with fibre IK(?i) form a group 
with respect to tensor product over X . If A* is the inverse of A, that is, A ®x A* 
is Morita equivalent to Co(X), then 

KKi'^^iA^xD^B) = KK^^''^{D,A* ®x B) 

by exterior tensor product over X with A* and A. In particular, we may identify 

KKS^^^(A, Gq{X) ®B) = KKf ^-^(Co(X), a* ® B), 

KKf ^^(A, Co(V) ® S) = KK?^^(Co(X), A* ®x Co(l^) <E> B) 

If we specialise to B = 1, then KKI'^^ {Go{X), A* ® B) = KK^^'^^ {Gq{X),A*) is 
the twisted representable K-theory of X with twist A* . 

When twisted equivariant K-theory is relevant, then we should replace Co(l^) 
by the Cliford algebra dual as in 17J. Equivariant Bott periodicity shows that 
this Clifford algebra bundle is KK^^ -equivalent to Co(V^), so that we also get 
such duality statements. The Clifford algebra bundle is a strongly locally trivial 
continuous trace C*-algebra over X . We refer to (5] for more details. 

7.4. Verifying the conditions for a duality. We will now give the proof of The- 
orem [TTH showing that the quadruple (Co(V^), -D, 6, O) described above satisfies 
the conditions to give a duality. 
First we verify (|4.2p . that is. 



Q®r>D = idco(x) in KK^^^(Co(X), Co(X)). 

In the framework of wrong- way maps, ()4.2p amounts to the functoriality statement 
TTi! o (5! = (tti o 6)\. Recall that 

^eKK^;!f(CoW,Co(C/))=KK^^f(Co(X),Co(T/'U)) 

generates the Thom isomorphism for the vector bundle V'\x — U over X with 
respect to the ^/-equivariant K-orientation S. Let i be the embedding Co(C/) — > 
Cq{X XzV), where we extend functions by outside U. We factor Q = i9®Co(t/) W- 

We have Q ^-p D = Q <E)x.-p Pxi^)- Recall that D is the class in Kasparov 
theory associated to the family of Dirac operators on the fibres of y — > Z. Hence 
p*x{D) is the class in Kasparov theory associated to the family of Dirac operators 
on the fibres ofTTiiXx^V— >X. A routine computation with symbols shows 
that composing p\{D) with i simply restricts everything to U , so that we get the 
class in KK^J^^^,[Co{V'\x),Gi^{Xy) of the family of Dirac operators on the fibres 
oiU (^X XzV. 

But U ^V'\x is the total space of a K-oriented vector bundle over X , and the 
family of Dirac operators and the class d are inverse to each other, implementing the 
Thom isomorphism X ^ V'\x in KK . This goes back to Gennadi Kasparov [TO] . 
and a simple proof in the groupoid setting can be found in ^22", §7.3.2]. This finishes 
the proof of (|T^ . 

Next we check (g^]), that is, V ®p®p flip = (-1)"+'=V for V := T-pie) in 
KK^+fe(^,7'® T') = KK^+fc(Co(V'), CoiVxzV). By construction, V is the wrong- 
way element associated to the map 

V^VxxX ^^^^^ VxxXxxV^VxzV, 1/ 9 (a:;,^ ^ {ix,0, irix),0)) , 

where r is the collar retraction from (|7.7p . This is homotopic to the diagonal 
embedding of V via the homotopy 

Vx[0,l]^VxzVx [0, 1], {x,tt) ^ ((x,0, {rtix),Dnm),t). 
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This whole map behaves Uke an immersion and has a tubular neighbourhood; hence 
we get a homotopy of wrong-way elements, which connects T-p(0) to the wrong- 
way element for the diagonal embedding V ^ V Xz V. Thus (14. 4|) amounts to the 
statement flipi o Ai = (— 1)""'"'^ At , where A: V ^ V XzV is the diagonal embedding 
and flip : V xV ^ V xV maps (^, ry) i— > {i], ^). The maps A and flip are K-oriented 
because V is K-oriented by S. The sign (—1)'=+" appears because the fibres of V 
have dimension k + n and the flip map changes orientations and K-orientations by 
such a sign. To actually complete the argument, we must replace the maps above by 
open embeddings on suitable vector bundles (tubular neighbourhoods) and connect 
these open embeddings by homotopies. This is possible (up to the sign (—1)"+*^) 
because these open embeddings are determined uniquely up to isotopy by their 
differential on the zero-section. We leave further details to the reader. 

The remaining condition ()4.3p for a Kasparov dual (Definition 14. fp is equivalent 
to (I4.44P for p*x{A) for all (/-C*-algebras A because &p'^(A) = 0(8)idA. We consider 
the more general case of strongly locally trivial bundles right away. 

To begin with, we notice that the classes Qa and 8a are local in the sense 
required by Theorems 14.501 and 16.111 That is, for each fj-compact subset Y there 
is a ^-compact subset Y' such that Qa and Qa restrict to cycles 

eA\YeKK^„l^{A\Y',p*x{V'E>xA\Y)) and O a\y eKK^^^^ (A\y',P'E> A\y). 

Here we let Y be the closure of the set of all x ^ X for which there is y ^ Y with 
{x,y) G U' or {y,x) S U'. It is clear from the definition that the restrictions of Qa 
and Qa to Y factor through Y' as needed. 

Let ^ be a strongly locally trivial bundle with isomorphism a: ttI{A) —^ tt2{A), 
and let / G KK^ ""^ {A, p*xB) for some g-C*-algebra B. Equation (lilti]) asserts 
Qa '^v^xA T-p{f) — 6 ®x /• By the definition of exterior products, the right hand 
side is the composition 

A > A^V > Px (B) ® P. 

Both Qa and O ®x idyl factor through 

■d(g)xidA- A = Co(X) (E)xA^ Co(C/^J ®x ^ = 7r*(A). 
Thus it suffices to compare the compositions 

7r*(A) ^ 7r;{A) ^ Co(X) ® (Co(y) ®x A) 



fjsll^ Co(X) ® (Co(y) ®x P*xB) = p*x{CoiV) ® B) 



and 



T^liA) ^A®P ^^^ p*x{B) ® Co(y). 
To see the difference, we view / as a family {fx)x£X of Kasparov cycles for A^ and 
Px{B)x = B. Then the above compositions are given by families of Kasparov cycles 
parametrised by U. The first composite that describes Qa 'S)v^xA T-p{f) yields 

I * A\ r^ A "/I J^2(") T-) 

[-KiA).u = A^i(„) -^ ^7r2(u) ' B. 

The second composite that describes Q ®x f yields 

{TrlA)u = A^i(„) "' " > B. 

Recall that U is the total space of a vector bundle over X, with bundle map tti. 
Hence the first map is homotopic to the second one via 
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for t e [0, 1] because 7r2 (0-m) — tti (m) for all u £U. This pointwise formula describes 
a homotopy between the corresponding cycles for KKJ''^^ ^^ ' (^7rl{A),p*x{V (8) 
B)). This estabhshes (|4.44p and hence (|43l) . so that (P, D, 9) is a Kasparov dual 
for X. Furthermore, the homotopy above is sufficiently local to apply to yield the 
corresponding condition in Theorem 14.501 

To establish the first Poincare duality isomorphism for a strongly locally trivial 
bundle A, it remains to verify (|4.43|) . that is, 

Tp(eA)=flipoTp(e(^xidA), 

where flip exchanges the tensor factors V and V (S>x A in the target object. This is 
closely related to (|4.4p . Roughly speaking, the homotopy that is used to prove (|4.4p 
can be performed over a sufficiently small neighbourhood of the diagonal in X XzX, 
so that the coefficients A create no further problems because of the isomorphism 
7r*(A) = TT2{A) over such a small neighbourhood. We leave the details to the reader; 
once again, the necessary homotopies are local enough to yield the corresponding 
condition in Theorem 14.501 as well. Thus Theorems 14.421 and 14.501 apply if A is 
strongly locally trivial. 

Now we turn to the second Poincare duality, verifying the two conditions in Thco- 
rem l6.4l First, (|6.5p requires Qa and 0®j5f idyi to agree up to the flip automorphism 
A(E)V = V ^ A - after forgetting the X-structure. 

By definition, Qa involves 

A ^^^^^^ Co(t/.J ®xA^ TT^iA) ^ nliA). 

The difference between iorgetxii^) and forget _y(^) is only the way Co(^) acts on 
the cycle, and the two actions are clearly homotopic. This homotopy is not X-linear, 
of course, but we can control what happens: we get a Kasparov cycle for 

KK^^^(ACo(C/x[0,l])), 

where we view U x [0, 1] as a space over X via {u, t) i-^ 7r2(t • u), using the vector 
bundle structure on tti : U ^ X. The isomorphism a pulls back to an isomorphism 

Co{U X [0, 1]) (g>xA = ttUA) <E> C([0, 1]) in €*g,u.[o,i]- 

Thus forgetjjf (a~^ o (i3®x idA)) = iorgetxi'&'^x idyi), and this imphes (|6.5p . Once 
again, the homotopy is local and also yields the corresponding condition in Theo- 
rem [SIllJ 

It remains to check ()6.6p and the analogous condition in Theorem 16. IH this will 
also establish that {P,D,Q,Q) is a local symmetric Kasparov dual. Instead of 
giving a detailed computation, we use a less explicit but more coneptual argument 
using Remark 16.81 

Let B be a g-C*-algebra and let / e KK'^'^^{A, V®B). Wc must check 

(7.19) QA®Af ^Q®x f inKKi{A,V®V®B). 
Remark 16.81 yields 

(7.20) forget;^ (9^ ®a f) = forget;^ (9 ®x /) ■ 

The proof of (|7.20p in Remark |6 . 81 constructs a homotopy between both sides using 
the first condition in Theorem 16.41 commutativity of exterior products, and the 
cocommutativity of V. Since we have already checked these conditions, we get (j7.20p 
for free. But actually, our arguments show a bit more: the homotopy that we 
get by following through the argument is supported in a small neighbourhood of 
the diagonal (we make this more precise below). A straightforward extension of 
[71 Lemma 2.2] now shows that the space of cycles that are supported sujjiciently 
close to the diagonal deformation-retracts to the space of cycles supported on the 
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diagonal. Since our homotopy is supported near the diagonal, we conclude that we 
can modify it so that its support lies on the diagonal, so that we get a sufficiently 
local and Q k X-equivariant homotopy. 

The support is defined as before Lemma 2.2 in [7], but such that the support of a 
Kasparov cycle for KK^ {A, V (^V ® B) is a subset of X Xz X. Namely, the Hilbert 
module that appears in such a cycle is a bimodule over Co(^), and its support is 
contained vaXxzX'ZXxX because the representation of A is Z-equi variant. 

Lemma 7.21. Let A he strongly locally trivial, and let U' be as in Definition \7.1'6l 
Any Kasparov cycle for KK^(A, V®V®B) supported in U' is homotopic to a QkX- 
equivariant cycle in a canonical way, so that the space of cycles with support U' 
deformation retracts onto the space of Q P< X-equivariant cycles. 

Proof. Let {ip,F,£) be a cycle supported in U' . We leave F and £ fixed and only 
modify the representation tp. The representation tp oi A and the action of Co(^) by 
right multipHcation define a t/ k X-equivariant representation oipx{A) = Co{X)(^A 
on £. By definition of the support, this factors through 

Co{X) ® AlnppS ^ Pluppsi^)- 

Since suppif C U' , the coordinate projections supp£^ — > X are proper and the 
isomorphism {Tr'i)*(A) = (7:2)* (A) provides a, Q k X-equivariant *-homomorphism 

^ ^-PsuppCl^)- 

Composition with this *-homomorphism retracts the space of cycles supported in U' 
to the space of ^ ix X-equivariant cycles. Since the tubular neighbourhood U of S{X) 
in X Xz V deformation retracts to S{X), the projection [/' ^ X is a deformation 
retraction as well. Hence the corresponding map on Kasparov cycles supported 
on U' is a deformation retraction. D 

Lemma FZ. 211 shows that ()7.20p can be lifted to ()7.19p . This verifies all the condi- 
tions in Theorems 16.41 and 16.111 so that we get the second Poincare duality isomor- 
phisms. This finishes the proof of Theorems 17. 1 II and 17.181 

7.5. An example: foliation groupoids. We briefly review the construction of 
the holonomy groupoid ^ of a foliated manifold {Z, J-') and introduce some actions 
of Q. These are automatically bundles of smooth manifolds, so that our general 
theory applies. We formulate the duality theorems in this case and sketch how the 
Euler characteristics defined here are related to the index of the leafwise de Rham 
operator and the i^-Euler characteristic defined in [B], referring to pTUTB] for proofs. 
The geometric framework of |14j is much more suitable for actual computations of 
both Euler characteristics and Lefschetz invariants, so that we do not give any 
further examples here. 

Let z € Z. The universal cover L of the leaf L through z is the quotient of the 
set of paths 7: [0, 1] ^ L with 7(0) = 2; by the relation of homotopy with fixed 
endpoints. Any such path extends to a holonomy map S^(o) ^ ^7(1) using the 
local triviality of the foliation, where S^(o) ^-nd S^ji) are local transversals through 
7(0) and 7(1). Write 7 ~ 7' if the paths 7 and 7' generate the same holonomy 
maps (in particular, they have the same endpoints). The holonomy covering L of L 
is the set of holonomy classes of paths 7 with 7(0) — z. Since homotopic loops 
generate the same holonomy map, this is a quotient of the universal covering L. 

Let Q be the set of holonomy classes of paths in leaves with arbitrary endpoints, 
and let r, s: Q ^ Z he the maps that send a path to its endpoints. Thus the fibre 
of s at z is the holonomy cover L described above. Concatenation of paths with 
matching endpoints defines a multiplication on Q that turns this into a groupoid. 
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Finally, there are rather obvious local charts on Q that turn it into a smooth (non- 
HausdorfF) manifold. This manifold is Hausdorff in many situations, for example 
if the foliation is described by analytic foliation charts. We assume from now on 
that Q is Hausdorff. 

The following recipe yields some free and proper ^-spaces. Let tt : Z' ^ Z be a 
space over Z . Let 

X:=g Xs,-, Z' = {(7, z')^gxZ'\ 5(7) = 7r(z')} 

and view this as a space over Z via p: X ^ Z, p('j,z') := ^(7). Then Q acts 
on X via multiplication on the left. It is easy to see that Q acts freely and properly 
on X because the action of Q on itself by left multiplication is free and proper. The 
second coordinate projection identifies the orbit space G\X with Z' . For instance, 
if TT is the identity map, then we get the action of Q on its morphism space by left 
multiplication. 

If Z' C Z is a transversal to JF in the sense that it is a submanifold with 
T^Z' ®T^^ T^Z for aU z e Z' , then the fibres of r : X ^ Z = Z are 

^^ = {7 e 5 I 5(7) e Z' and r(7) = z}, 

and these subsets of Q are countable and topologically discrete and thus (zero- 
dimensional) manifolds. 

Returning to the general case of a smooth manifold tt: Z' -^ Z, note that the 
space X is a smooth manifold because s is a submersion. The space X constructed 
above is a bundle of smooth manifolds over Z Up: X -^- Z is a submersion. This is 
equivalent to tt : Z' ^ Z being transverse to T in the sense that 7t{Tz' Z') + JF^(2/) = 
TzZ for all z' € Z'. We assume this transversality from now on. Then !F' :— 7t^^{!F) 
is a foliation on Z' whose leaves are the connected components of the 7r-pre-images 
of the leaves of J-. Transversality of tt implies that a leaf-path in JT' has non-trivial 
holonomy if and only if its image in J-" has non-trivial holonomy. 

The fibres of X — > Z are of the form L^ x^,^ tt~^{Lz). The vertical tangent 
bundle TX oi p: X ^ Z is the pull-back of TT' along the coordinate projection 
X -^ Z', (7, z') ^ z', that is, TX ^X Xz' TT'. 

Theorem lT. 1 ll provides a symmetric Kasparov dual for X, involving V — Co(TX). 
We are going to examine the special case where the coefficient C*-algebras A and B 
in Theorem 17.111 are trivial. The first duality isomorphism yields 

RK* (X) := RKKf (X; 1, 1) - KK^(Co(TX), 1) =: Kf''f(TX), 

that is, the C/-equivariant representable K-theory of X agrees with the C/-equivariant 
locally finite K-homology of TX. Since Q acts freely on X with orbit space Z', 
t/ K X is Morita equivalent to Z'. Hence RKg{X) ^ RK*(Z') and the first duality 
isomorphism yields Kf'"(TX) ^ RK*(Z'). 
The second duality isomorphism yields 

Kf^'f(X) :=KK^(Co(X),l) = KKf^^(Co(X),Co(TX)) =:RK*_;,(TX), 

that is, the 5-equivariant locally finite K-homology of X agrees with the 5-cquivariant 
K-theory of TX with X-compact support. Using TX = X Xz' TT' and the Morita 
equivalence Q x X ^ Z' , we may identify 

KK?^^(Co(X),Co(TX)) -KKf (Co(Z'),Co(T.F')) -: K^,(T.F') 

that is, we get the K-theory with Z'-compact support of the underlying space of 
the distribution TT' on Z'. 

Assume now that X is a universal proper 5-space. Then the results in Section r4.3l 
show that D G KKj^(Co(TX), Co(Z)) is a Dirac morphism for Q and that the 
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Baum-Connes assembly map for Q with coefBcients B is equivalent to the map 

(7.22) K, {g X Co(TX, B)) ~^K,{gx B) 

induced by D. The second duality isomorphism combined with another natural 
isomorphism identifies 

lim KK?(Co(y),B) =K,(e k Co(TX,B)) 

Yelx 

and identifies the map in (|7.22|) with the index map 

lim KKf(Co(y),S)^K4gKB). 
Yeix 

By Theorem 14.341 these assembly maps are isomorphisms if Q acts properly on B. 
This leads to the question when X is universal. Since Q acts freely on X, this 
forces the holonomy groupoid Q to be torsion-free; that is, two parallel leaf paths 
must have the same holonomy once some finite powers of them have the same 
holonomy. Another necessary condition for X to be universal is that its fibres X^ 
be contractible for all z £ Z; in fact, this condition is sufRcient as well because Q 
is Morita equivalent to an etale groupoid (we omit further details). Thus X is a 
universal proper C/-space if the holonomy of T is torsion-free and the holonomy 
coverings of the leaf pre-images p~^{Lz) are contractible. Of course, this implies 
that these holonomy coverings are universal coverings. For instance, Q itself is a 
universal proper t/-space if and only if the foliation has torsion-free holonomy and 
the holonomy covers of the leaves are contractible. 

Example 7.23. Let M be a compact, smooth, aspherical manifold and let M be its 
universal cover. Let G := 7ri(M) act by deck transformations on M and let V be 
a smooth compact manifold with a free G-action. Foliate Z :— M XqV hy the 
images in Z of the slices M x {ii}, for v &V . This is a foliation with contractible 
leaves because M is assumed aspherical. In this case, the morphism space Q is a, 
universal proper 5-space. 

More generally, if the G-action on V is not free, then Q will still be universal if 
the holonomy representation of the fundamental group of each leaf is faithful. 

Now we allow X to be a proper f/-equivariant bundle of smooth manifolds over Z. 
We want to show that the equivariant Euler characteristic of X is the class in 
KKq(Co(^),1) given by the family of de Rham operators along the fibres of X. 
It is possible to do this computation using the tangent space dual described above. 
But it simplifies if we use the Clifford algebra dual used in [TTKin]. This does 
not change the result because the Euler characteristic is independent of the chosen 
Kasparov dual. We just sketch the situation here in order to give an example of 
Euler characteristics in the context of smooth 5-manifolds. 

Fix an invariant metric on the vertical tangent bundle TX and form the asso- 
ciated bundle of vertical Clifford algebras Ct{X)\ this is a locally trivial bundle 
of finite-dimensional C*-algebras over X. The Thom isomorphism provides an in- 
vertible element in KK^''^(Co(TX),Cr(X)) (the idea in [22l Theoreme 7.4] shows 
how to get this result equivariantly for groupoids) . Since we have Kasparov duality 
with Co(TX), we also have it with the Clifford bundle instead of Co(TX). Even 
more, since these two duals are KK -equivalent, the first and second duality 
isomorphisms translate from one to the other, even if the coefficient algebras are 
non-trivial bundles over X. One can check that the classes D and O for this new 
dual are exactly the same ones as in [TlJ[T3] . The same easy computation as in the 
group case in [TT] then shows that 

(7.24) Eule = [i?dR] e KK^(Co(X),Co(Z)). 



52 HEATH EMERSON AND RALF MEYER 

Here D^k denotes the de Rham operator along the fibres of the anchor map X — > Z. 
li X = Q, then these fibres are just the holonomy covers of the leaves of !F, so that 
we get the family of de Rham operators along the leaves of the foliation. 
Let 

be the Baum-Connes assembly map and let ip: Q —> £Q be the classifying map of the 
proper ^-space X := g. This induces a map ip^ : KK^ (Co(X), Co(Z)) -^ K'^°P(e). 
The map 

^lx■■^^io^,■. KKf (Co(x), Co(z)) ^ K^c:^) 

is the (/-equivariant index map for Q. It maps Eulg G KKg (Co(^), Gq{Z)) to the 
equivariant index in Ko(C*^) of the family of de Rham operators on the holonomy 
covers of the leaves of the foliation by ()7.24p . 

If A is a C/-invariant transverse measure on the foliation, then we may pair 
it with classes in Ko(C*5) to extract numerical invariants. For the equivariant 
Euler characteristic of the foliation, this yields the alternating sum of its L^-Betti 
numbers, 

(7.25) Eul^^) = (Ao^^)([i?dR]) =^(-1)^/31.. 



8. Conclusion and outlook 

We have constructed analogues of the first and second Poincare duality isomor- 
phisms in [T7] for proper groupoid actions on C*-algebra bundles over possibly 
non-compact spaces. In the simplest case of a smooth manifold without any group- 
oid action, this generalises familiar isomorphisms K^ (TAf ) ~ RK*(M) between the 
locally finite K-homology of the tangent bundle and the representable K-theory 
of M, and K*j^{TM) ^ K'/(M) between the K-theory of the tangent bundle with 
M-compact support and the locally finite K-homology of M . 

These duality isomorphisms follow from the existence of a symmetric Kasparov 
dual. We have constructed such a dual for bundles of smooth manifolds, equiv- 
ariantly with respect to a smooth proper groupoid action. Furthermore, we have 
extended the two duality isomorphisms by allowing strongly locally trivial bundles. 

A different construction in [TT] provides a dual for a finite-dimensional simplicial 
complex. This is, in fact, a symmetric Kasparov dual. We plan to discuss this 
elsewhere, together with a discussion of the new aspects that appear for bundles, 
namely, the singularities that necessarily appear when triangulating bundles of 
smooth manifolds. More generally, we may replace simplicial complexes by stratified 
pseudomanifolds. A duality isomorphism in this setting was recently established by 
Claire Debord and Jean-Marie Lescure (see [5]). It remains to establish that this 
is another instance of a symmetric dual. 

The two duality isomorphisms discussed in this article are related to the dual 
Dirac method and the Baum-Connes Conjecture. Roughly speaking, the duality 
shows that the approach to the Baum-Connes Conjecture by Baum, Connes and 
Higson in [2] via the equivariant K-homology of the universal proper C^-space and 
Kasparov's approach using Dirac, dual Dirac, and the 7-element are equivalent 
whenever the universal proper 5-space has a symmetric Kasparov dual. 

The second duality isomorphism reduces KK-groups to K-groups with support 
conditions. This is used in [14] to describe equivariant bivariant K-theory groups 
by geometric cycles (under some assumptions). 

Furthermore, we have used the duality to define equivariant Euler characteris- 
tics and Lefschetz invariants. The construction of these invariants only uses formal 
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properties of Kasparov theory and therefore works equaUy well in purely geomet- 
ric bivariant theories defined using correspondences. This seems the appropriate 
setting for explicit computations of such Lefschetz invariants. 
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